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I. I NTRODUCTION
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Abstract—An increasing trend for reducing cost, space, and
weight leads to modern embedded systems that execute multiple
tasks with different criticality levels on a common hardware
platform while guaranteeing a safe operation. In such MixedCriticality (MC) systems, multiple Worst-Case Execution Times
(WCETs) are defined for each task, corresponding to system
operation mode to improve the MC system’s timing behavior
at run-time. Determining the appropriate WCETs for lower
criticality modes is non-trivial. On the one hand, considering a
very low WCET for tasks can improve the processor utilization
by scheduling more tasks in that mode, on the other hand,
using a larger WCET ensures that the mode switches (which
causes by task overrunning) are minimized, thereby improving
the quality-of-service for all tasks, albeit at the cost of processor
utilization. Hitherto, no analytical solutions are proposed to
determine WCETs in lower criticality modes. In this regard, we
propose a scheme to determine WCETs by Chebyshev theorem,
to make a trade-off between the number of scheduled tasks at
design-time and the number of dropped low-criticality tasks at
run-time as a result of frequent mode switches. To have a tight
bound of execution times and mode switching probability, we
also propose a distribution analytics-based scheme, in which the
mode switching probability is obtained based on the cumulative
distribution function. Our experimental results show that our
scheme improves the utilization of state-of-the-art MC systems
by up to 72.27%, while maintaining 24.28% mode switching
probability in the worst-case scenario. Besides, the results of
running embedded real-time benchmarks on a real platform show
that the distribution-based scheme can improve the utilization by
7.30% while bounding the mode switching probability by 4.85%
more, compared to the Chebyshev-based scheme.
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Fig. 1. Execution time distribution for a real-time task [9]. The figure shows
the large gap between the WCET and the ACET.

is a growing trend in modern embedded real-time systems,
to meet cost, space, timing, and power consumption requirements [1]–[5]. Medical devices, automotive, and avionics
industries are the most common applications, exploiting these
systems, which are known as Mixed-Criticality (MC) systems [6]. For instance, DO-178B [7] is an industrial standard
that is used in the avionics industry and has introduced
different levels of safety, in which, a failure/deadline miss
in tasks with various criticality levels has a different impact
on the system, from no impact to catastrophic consequences.
Therefore, an efficient MC system design should be developed to guarantee the successful execution of all tasks with
higher criticality (HC) level to prevent catastrophic damages
while ensuring the efficient resource utilization and Qualityof-Service (QoS) maximization (i.e., execute a higher number
of lower criticality (LC) tasks) [3], [4], [8].
In conventional real-time systems, the tasks are scheduled based on their pessimistic Worst-Case Execution
Time (WCET). Many approaches like those presented in [9],
[10] and tools like OTAWA [11] are used to determine the
pessimistic WCET of a task by analyzing the task’s control
flow graph. These tools provide a safe and conservative
execution time-bound so that no task’s execution time exceeds
the WCET under any circumstances. However, Fig. 1 [9]
shows an execution time distribution of a task and observes
that most samples’ execution time is significantly shorter
than such a conservative WCET. As a result, the resources
would be severely under-utilized at run-time, which leads to
poor processor utilization and QoS in conventional real-time
systems.
To this end, in MC systems, tasks are analyzed with
optimistic and pessimistic assumptions to obtain multiple
WCETs, corresponding to the multiple criticality levels and
the operation mode of the system [2], [12]–[14]. This ensures
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that the processor utilization (and correspondingly, the QoS)
is maximized in the low-criticality mode (LO mode), while
the guarantees are preserved in the high-criticality mode (HI
mode). At first, tasks are scheduled based on the optimistic
WCETs. At run-time, if the execution time of at least one
HC task exceeds its optimistic WCET (a task overruns), the
system switches to the HI mode, i.e., the mode switch occurs
due to the HC tasks’ overrunning. In HI mode, to guarantee
the correct execution of HC tasks, the system switches to the
second scheduling, where all HC tasks are scheduled based
on their pessimistic WCETs and all or some LC tasks are
dropped [1]–[4], [6], [14], [15]. Therefore, when the gap
between the optimistic and pessimistic WCETs is large, more
tasks, especially LC tasks, are guaranteed to be scheduled in
a processor at design-time. However, it may cause frequent
system mode switches and, consequently, drop more LC tasks
at run-time due to inefficient, optimistic WCET determination
for HC tasks. When this gap is small, fewer LC tasks are
scheduled in the LO mode which under-utilizes the processor.
Indeed, this is overly pessimistic because, as shown in Fig. 1,
tasks would be executed with less likelihood up to observed
or actual WCET.
Therefore, optimistic WCETs play an important role in designing efficient MC systems and improving the timing behavior of these systems. Most state-of-the-art research works [2],
[4], [12], [13], [15] set optimistic WCETs as a percentage
of the pessimistic WCETs. However, Fig. 1 shows that most
tasks’ execution time is close to Average-Case Execution
Time (ACET) (we discuss more in detail in Section IV).
Furthermore, most studies have not analyzed the probability
of exceeding the optimistic WCETs in system design. Besides,
some studies determine the optimistic WCETs at run-time
based on the system behavior and overall processing requirements. However, since in embedded systems, tasks are known
in advance, and no new task is scheduled in the system, using
these methods leads to poor utilization at run-time and can
only optimize the probability of mode switching.
To the best of our knowledge, there is no method to
determine optimistic WCETs for MC tasks to provide a
reasonable trade-off between the number of scheduled LC
tasks at design-time and the probability of mode switching
at run-time to improve the system utilization and QoS. This
paper1 first proposes a novel scheme based on the Chebyshev
theorem [17] for MC systems to determine the appropriate
optimistic WCETs for tasks. Chebyshev theorem provides
a general bound for all tasks with any distribution, which
is pessimistic. To this end, we propose a second approach
to determine tighter execution time bounds for HC tasks.
In this approach, we analyze the execution time distribution
of each task and fit a known distribution curve to it. Then
we use the Cumulative Distribution Function (CDF) of the
known distribution to provide a tight bound for probability of
task overrunning and consequently, determining the optimistic
WCET for that task. This article focuses on MC systems with
1 This article is an extended version of the prior work [16], with the
title ‘Improving the Timing Behaviour of Mixed-Criticality Systems Using
Chebyshev’s Theorem’, which has been published in Design, Automation &
Test in Europe Conference & Exhibition (DATE), 2021.
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two criticality levels, but our scheme can be extended for MC
systems with several criticality levels by determining different
values of WCETs corresponding to different system modes
and solve the optimization problem.
Contributions: The main contributions of this paper are:
• Introducing a novel scheme to obtain the optimistic
WCETs by Chebyshev theorem in MC systems and
showing the relation between the optimistic WCETs and
mode switching probability, that is proposed in [16].
• Determining the number of adequate samples for computing ACET and standard deviation.
• Representing the tighter execution time bound and more
realistic overrunning probability based on the applications’ distribution time feature.
• Formulating and solving an optimization problem for
improving the resource utilization and reducing the mode
switching probability using Genetic Algorithm (GA).
• Evaluating our proposed scheme for various state-of-theart MC systems to investigate their timing behaviour with
real benchmarks on a real board, ODROID XU4.
Organization: The rest of the paper is organized as follows.
In Section II, we review the related works. In Section III, we
introduce MC task model and system operational modes. The
motivational example and our proposed method are presented
in Sections IV and V, respectively. Finally, we analyze the
experimental results in Section VI and conclude in Section VII.
II. R ELATED W ORKS
A significant number of papers have been published in
the last decade regarding the design of MC systems. Since
our focus is on improving the timing behaviour of these
MC systems by defining suitable WCETs and analyzing the
probability of mode switching based on these WCETs, we only
consider the works presented for designing these systems with
similar scope.
The MC task model has been presented by Vestal in [18] for
the first time, and introduced different WCET levels for tasks.
However, the author has not discussed how these WCETs
are obtained and how often the system switches to the HI
mode based on the design. The authors have discussed a bit
further in [19] that how different WCETs can be defined and
determined. As an example, they can be determined at different
levels of accuracy with different degrees of confidence by
limiting the programming constructs, used in implementing
the task. However, this approach does not involve any analysis.
Most of the approaches, such as [1], [2], [4], [12], [13], [15],
[20]–[22], generally count the optimistic WCETs (𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 )
as a percentage of the pessimistic WCETs (𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 ). This
policy may waste the system utilization, or cause frequent
mode switches, which disturbs the LC tasks and reduces their
QoS (more detail is discussed in Section IV). Although the
efficiency of these approaches has been evaluated for different percentages of 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 , there is no scalable approach
for determining the WCETs for all criticality levels. A few
studies [23], [24] have determined the 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 of tasks
at run-time, based on their overall processing requirements
and actual execution times. However, there is no guarantee at
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design-time on optimal use of the system utilization and LC
tasks’ execution.
Besides, a few studies such as [25], [26], have focused
on probability distributions in MC systems by exploiting
Extreme Value Theory (EVT) [27] for timing analysis. Note
that, EVT is a branch of statistics, which estimates and
models the probability distribution of extreme events. In the
field of real-time systems, EVT is exploited to determine
WCETs. Applying these estimation methods has some open
challenges, such as the required number of execution times for
a sample and its incomplete representativity identification and
evaluation, that make it uncertain and unreliable [28]–[30].
Researchers in [30] have recently exploited this probabilistic
information and proposed a technique to optimize the energy
consumption of MC systems by finding the optimum core
speed in the LO mode and based on that, obtaining the
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 . However, their system operation model definition
for running the LC tasks is different from the popular MC
model. In this system, all LC and HC tasks are executed in
both LO and HI modes, and the authors have obtained the
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for HC tasks to investigate the trade-off between the
minimum core frequency (that leads to energy minimization)
and probability of mode switching. Switching the system to
the HI mode causes an increase in processor frequency to
guarantee all task schedulability before their deadlines. In fact,
although this method improves the energy consumption, it
causes to schedule fewer LC tasks in the system which leads
to under-utilization.
From the mode switching probability perspective, some
research works such as [31], have addressed mode switching
probability in MC systems and how to have the safe mode
switching at run-time. However, the relation between the HC
tasks’ 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 and mode switching probability has not been
discussed.
Therefore, an appropriate WCET analysis of MC tasks in
LO mode is needed to reduce the use of WCET estimation methods and improve the confidence in the WCET’s
values [3]. In this work, we propose a scheme to not just
determine the WCETs in the LO mode, but also exploit them
to optimize the system utilization, schedulability, and mode
switching probability.
III. M IXED -C RITICALITY TASK M ODEL
We consider a dual-criticality system analogous to that
of [1], [4], [12], [12], [30], in which multiple periodic tasks
with two criticality levels are executed upon the same platform.
Each system has a finite number of MC tasks, {𝜏1 , 𝜏2 , ..., 𝜏𝑡 }.
We characterize a task 𝜏𝑖 as (𝜁𝑖 , 𝐶𝑖𝐿𝑂 , 𝐶𝑖𝐻 𝐼 , 𝑃𝑖 , 𝐷 𝑖 ), where:
• 𝜁𝑖 denotes the criticality level of 𝜏𝑖 (𝜁𝑖 ∈ [𝐿𝐶, 𝐻𝐶]).
𝐿𝑂
• 𝐶𝑖
(𝐶𝑖𝐻 𝐼 ) denotes the WCET of task 𝜏𝑖 in LO (HI)
mode.
• 𝑃𝑖 denotes the period of task 𝜏𝑖 , which is the minimum
amount of the time between two released instances.
• 𝐷 𝑖 denotes the deadline of task 𝜏𝑖 , 𝐷 𝑖 = 𝑃𝑖 [2], [12].
We consider an independent periodic task model as a
case study to analyze the task schedulability. Note that,
our proposed scheme is not limited to independent periodic
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tasks, and it can be used for any MC task set regardless of
the dependency between tasks. Further, since we have dualcriticality systems, we have two levels of WCET for each
HC task 𝜏𝑖 where 𝐶𝑖𝐻 𝐼 ≥ 𝐶𝑖𝐿𝑂 , 𝐶𝑖𝐻 𝐼 = 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 , and
𝐶𝑖𝐿𝑂 = 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡 . Since we use the utilization bound to
schedule the MC tasks, the utilization of task 𝜏𝑖 at criticality
𝐶𝑙
mode l is defined as 𝑢 𝑙𝑖 = 𝑃𝑖𝑖 and 𝑙 ∈ {𝐿𝑂, 𝐻𝐼}.
System Operation Model: At first, the system begins its
operation in LO mode, where all tasks (LC and HC) are
executed correctly before their deadlines. If the execution time
of at least one HC task exceeds its lowest WCET (𝐶𝑖𝐿𝑂 ), the
system switches to the HI mode, and all HC tasks continue
their execution by their largest WCET (𝐶𝑖𝐻 𝐼 ). In this mode,
since the HC tasks are supposed to execute longer, compared
to the LO mode, the LC tasks are degraded to guarantee
the correct execution of HC tasks before their deadlines and
prevent catastrophic consequences. The system switches back
to LO mode if there is no 1) ongoing HC task, executing on
the processor, 2) ready HC task in the processor’s queue [1]–
[4]. From the perspective of LC tasks’ degradation in the HI
mode, the system should execute these LC tasks to improve
its QoS and functionality. Note that, the QoS can be defined
as the percentage of executed LC tasks to all LC tasks in the
𝑎𝑙
𝑡𝑜𝑡 𝑎𝑙
/𝑛𝑡𝑜𝑡
is
HI mode [8], [32] (𝑄𝑜𝑆 = 𝑛𝑒𝑥𝑒𝑐𝑢𝑡𝑒𝑑
𝐿𝐶
𝐿𝐶 , where 𝑛 𝐿𝐶
𝑒𝑥𝑒𝑐𝑢𝑡𝑒𝑑
the number of all LC tasks and 𝑛 𝐿𝐶
is the number of
executed LC tasks in the HI mode).
IV. M OTIVATIONAL E XAMPLE
In this example, we executed 20000 instances of five realworld applications, and their ACETs and WCETs in terms of
CPU clock cycle are presented in Table I. 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 of each
application is determined by OTAWA [11]. For each application, Table I also shows how many instances violate their
1 1 1
, 32 , 64 )
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 when it is set to ACET, or fraction ( 41 , 18 , 16
𝑝𝑒𝑠
of the 𝑊𝐶𝐸𝑇
[2], [4], [15]. The important point that
the table shows, is by increasing the size of inputs to an
application, the ACET and 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 growth are not the same.
For instance, the growth of 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 and ACET for ‹qsort›,
a known algorithm for sorting arrays, is O(𝑘 2 ) and O(𝑘 log 𝑘),
respectively, where 𝑘 is the size of the input array. Therefore,
the 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 of ‹qsort› application for three different array
sizes with 10, 100, 10000 elements, are 8.1, 22.7, and 59.0
times higher than the ACET of them, respectively. This table
shows that 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 is not an appropriate parameter to set
𝑝𝑒𝑠
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 . For example, by setting 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 to 𝑊 𝐶𝐸𝑇
,
16
the mode switching probability for ‹edge›, and ‹qsort-10› is
more than 99%, while for ‹smooth›, ‹epic›, ‹qsort-100›, and
‹qsort-10000›, it is less than 2%. On the other hand, when the
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 is equal to ACET, the mode switching probability
is between 43% to 55% for all applications. So, based on the
results in Table I, we can conclude that the mode switching
probability is more consistent when the 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 is estimated
based on ACET, rather than 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 . However, simply
setting 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 equal to ACET leads to many system mode
changes (almost half of the instances).
This paper introduces a scheme that provides a general
formula to choose a suitable 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 based on ACET to
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TABLE I
C OMPARISON BETWEEN ACET AND WCET OF DIFFERENT APPLICATIONS
App
qsort-10
qsort-100
qsort-10000
corner
edge
smooth
epic

ACET
(Cycle)
2.3 × 102
1.8 × 104
1.8 × 108
5.6 × 105
9.8 × 105
1.9 × 107
1.1 × 107

PessimisticWCET (Cycle)

Standard-Deviation
(Cycle)

1.9 × 103
4.1 × 105
1.0 × 1010
9.4 × 106
1.1 × 107
4.9 × 108
7.0 × 108

3.9 × 101
1.2 × 103
1.1 × 106
6.2 × 104
1.1 × 105
5.1 × 106
1.9 × 106

Percentage (%) of Samples that Overruns if the optimistic WCET is set to:
𝐴𝐶 𝐸𝑇

𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠
4

𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠
8

𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠
16

𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠
32

𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠
64

50.52
50.22
43.86
53.27
54.88
54.31
52.85

0.00
0.00
0.00
0.00
0.00
0.00
0.00

45.52
0.02
0.00
0.00
0.00
0.00
0.00

99.98
0.02
0.02
47.71
99.84
1.41
0.00

100.00
99.98
0.02
100.00
100.00
78.85
0.00

100.00
99.98
99.98
100.00
100.00
97.25
52.20

improve the utilization of the system. This approach makes a
reasonable trade-off between the mode switching probability
and the time that a core becomes idle because of the gap
between its actual execution time and the 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 .
V. P ROPOSED S CHEME
In this section, at first, we propose our scheme for determining the optimistic WCETs. We then present how to estimate
ACET to be used in determining the WCETs in Section V-B.
Further, a new scheme is proposed in Section V-C to determine
a tighter execution time bound, compared to the first proposed
scheme. At the end, we discuss the scheduling policy and
optimization problem based on our new proposed schemes in
Section V-D and V-E, respectively.
A. Determining optimistic WCET and overrunning probability
As mentioned earlier, determining the appropriate
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for HC tasks is a major design challenge for
MC systems. The proposed scheme designs the MC systems
and analyzes the MC tasks of the application in the offline
phase. Based on the analysis results, the scheme chooses a
suitable 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for each HC task based on their ACET,
which improves the number of scheduled LC tasks due to
the big gap between the ACET and WCET. To determine
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 , we introduce the following theorem based on
Chebyshev’s theorem. Note that, Chebyshev’s theorem is a
technique for bounding a tail distribution, which is used for
estimating the failure probability and also establishing high
probability bounds. In fact, it determines where most of the
data samples fall within a distribution. Note that this theorem
disregards how the data are distributed. By knowing only the
mean (ACET in this paper) and standard deviation of data
samples, this theorem claims that a certain fraction of these
data is less than a certain distance from the mean [33].
Theorem 1: Given a task 𝜏𝑖 , for any positive integer 𝑛, the
rate at which the execution time exceeds the value (𝐴𝐶𝐸𝑇𝑖 +
1
𝑛 × 𝜎𝑖 ) for task 𝜏𝑖 is bounded with 1+𝑛
2.
Hence, by considering Chebyshev’s theorem (presented below in detail), 𝑛 can be any positive integer value. However,
in our proposed method, it plays an important role to draw
a trade-off between determining the 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 values and
the probability of mode switching. We explain its role after
formulating these two parameters.
Proof: We use Chebyshev’s theorem to prove Theorem 1:

One-Sided Chebyshev [33]: For any non-negative random
variable 𝑋, if 𝐸 [𝑋] is the mean and 𝑉 𝑎𝑟 = 𝜎 2 is its variance,
then, for any positive real number 𝑎 > 0, we have the
theorem (1):
𝜎2
(1)
+ 𝑎2
In this theorem, if 𝑎 is equivalent to 𝑛 × 𝜎 (𝑎 ≡ 𝑛 × 𝜎):
𝑃𝑟 [(𝑋 − 𝐸 [𝑋]) ≥ 𝑎] ≤

𝜎2

1
(2)
1 + 𝑛2
Now, assuming 𝑚 samples of task 𝜏𝑖 ( 𝑗 𝑖,1 , 𝑗𝑖,2 , ..., 𝑗 𝑖,𝑚 ) with
execution time 𝐶𝑖,1 , 𝐶𝑖,2 , ..., 𝐶𝑖,𝑚 , the expected value 𝐸 [𝑋] of
task 𝜏𝑖 is:
𝑃𝑟 [(𝑋 − 𝐸 [𝑋]) ≥ 𝑛 × 𝜎] ≤

𝑗=𝑚
1 Õ
𝐸 [𝑋] = 𝐴𝐶𝐸𝑇𝑖 =
𝐶𝑖, 𝑗
𝑚 𝑗=1

(3)

By using the expected value 𝐴𝐶𝐸𝑇𝑖 (we present how to
compute 𝐴𝐶𝐸𝑇 for each task 𝜏𝑖 in Section V-B), the standard
deviation of execution time, 𝜎𝑖 , for task 𝜏𝑖 is calculated as
follows:
v
u
t 𝑗=𝑚
1 Õ
𝜎𝑖 =
(𝐶𝑖, 𝑗 − 𝐴𝐶𝐸𝑇𝑖 ) 2
(4)
𝑚 𝑗=1
If the execution time of a task is considered as a random
variable, by using the Chebyshev’s theorem, we can show
1
that less than 1+𝑛
2 of samples have higher execution time
than 𝑛 standard deviation (𝑛 × 𝜎) of the mean execution
time (ACET=E[X]).
1
(5)
1 + 𝑛2
Therefore, the rate of exceeding the execution time level
1
(𝐴𝐶𝐸𝑇𝑖 + 𝑛 × 𝜎𝑖 ) for task 𝜏𝑖 is bounded with 1+𝑛
2. 
This theorem provides a general upper bound on the
probability of exceeding any arbitrary execution time level
for any task, independent of its distribution. To determine 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 , Chebyshev’s theorem can be applied, which
requires mean (𝐴𝐶𝐸𝑇, that we discuss later how to compute it
in the next subsection) and standard deviation of the execution
time (𝜎) of each task.
𝑃𝑟 [𝑋 ≥ ( 𝐴𝐶𝐸𝑇𝑖 + 𝑛 × 𝜎𝑖 )] ≤

𝐶𝑖𝐿𝑂 = 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡 = ( 𝐴𝐶𝐸𝑇𝑖 + 𝑛𝑖 × 𝜎𝑖 )

(6)

Parameter 𝑛 should be set very carefully because a large
value of 𝑛 reduces the number of scheduled tasks in LO
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mode, and a small 𝑛 increases the probability of mode switch1
ing 𝑃𝑖𝑀 𝑆 = 1+𝑛
2 . In Section VI, we evaluate the impact of
different values of 𝑛 in computing the 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 and the
𝑀 𝑆 ).
probability of system mode switching (𝑃𝑠𝑦𝑠
In addition, since the value of 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 is based on the
ACET, we need to calculate the average execution time for
each task. In general, it is hard to achieve the real mean (𝜇)
with all possible samples of tasks [34]; so, we discuss a
method in the next subsection to estimate the empirical
mean ( 𝜇)
ˆ with the minimum number of samples.

In this subsection, in order to calculate the 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡
for each task 𝜏𝑖 , we explain how to estimate the 𝐴𝐶𝐸𝑇𝑖 .
Therefore, we need to determine how many samples (𝑚) are
required for ACET estimation. We present the estimation by
the probability 1 − 𝛿 and 𝜖 error as follows.
Theorem 2: For any task 𝜏𝑖 , consider
𝑚 as the number
𝑝𝑒𝑠 2
)
2 (𝑊 𝐶 𝐸𝑇𝑖
of samples; if 𝑚 ≥ 𝑙𝑛( 𝛿 ) 2( 𝜖 ×𝜇) 2 , there is an (𝜖, 𝛿)approximation for computing 𝐴𝐶𝐸𝑇 of task 𝜏𝑖 .
Proof: Considering 𝑚 samples of task 𝜏𝑖 , where
𝐶𝑖,1 , 𝐶𝑖,2 , ..., 𝐶𝑖,𝑚 are their execution times. Then, empirical
mean ( 𝜇)
ˆ for task 𝜏𝑖 is computed as Eq. (7).
𝜇ˆ =

1
𝑚

(7)

𝐶𝑖, 𝑗

𝑗=1

To prove Theorem 2, we use Hoeffding Bound theorem [17]
to approximate the real mean (𝜇). Note that, Hoeffding Bound
theorem provides an upper bound on the probability that the
sum of random variables with a bounded range deviates from
its expected value by more than a certain value [17], [35]. The
execution time of a sample is an independent random variable
because the execution time of one sample does not affect other
samples’ execution time.
Hoeffding Bound: Let 𝐶𝑖,1 , 𝐶𝑖,2 , ..., 𝐶𝑖,𝑚 be independent
random variables which are bounded by an interval [𝑎, 𝑏],
then:


𝑃𝑟 [| 𝜇ˆ − 𝐸 [ 𝜇]
ˆ | ≥ 𝜖] ≤ 2𝑒

−

2𝑚𝜖 2
(𝑏−𝑎) 2



(8)

The Hoeffding Í
theorem bounds 𝑃𝑟 [| 𝜇−
ˆ 𝜇| ≥ 𝜖] by using the
𝑗=𝑚
fact that 𝐸 [ 𝜇]
ˆ = 𝑗=1 𝐸 [𝐶𝑖, 𝑗 ] = 𝜇. Thus, it can estimate the
real mean 𝜇 with 𝜖 error. Based on the Hoeffding theorem, the
execution time of each sample must be bounded by an interval
[𝑎, 𝑏]. The upper bound execution time of task’s samples is the
pessimistic WCET of that task (𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 ), so the execution
time of each instance is bounded by [0, 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 ] interval.
Therefore, 𝑏 − 𝑎 ≤ 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 . If we consider 𝜖 = 𝜖 ∗ × 𝜇,
Eq. (8) is written as:


𝑃𝑟 [| 𝜇ˆ − 𝜇| ≥ 𝜖 ∗ × 𝜇] ≤ 2𝑒

−

2𝑚( 𝜖 ∗ ×𝜇) 2
𝑝𝑒𝑠 2
(𝑊 𝐶𝐸𝑇
)
𝑖

TABLE II
T HE EFFECT OF VARYING 𝑛 ON THE OVERRUNNING OF DIFFERENT TASKS
FROM M I B ENCH SUITE [36], UNDER THE PROPOSED C HEBYSHEV- BASED
SCHEME AND EXPERIMENTS

Chebyshev
100.00%
50.00%
20.00%
10.00%
5.88%

n=0
n=1
n=2
n=3
n=4

bitcount
43.31%
8.87%
3.68%
0.92%
0.71%

qsort
33.92%
6.30%
4.37%
2.33%
1.12%

matrix-mult
42.33%
16.26%
4.18%
0.91%
0.22%

smooth
33.47%
19.95%
4.92%
1.43%
0.39%

corner
7.96%
4.95%
3.98%
3.08%
2.22%

algorithm, satisfies the following inequality. In fact, output 𝑋
approximates input 𝑉 with probability 1 − 𝛿 and 𝜖 error.

B. ACET estimation and its minimum required samples

𝑗=𝑚
Õ

5



(9)

In order to estimate the real mean with the minimum number
of samples, we use a definition of (𝜖, 𝛿)-Approximation [17].
(𝜖, 𝛿)-Approximation: An algorithm gives an (𝜖, 𝛿)approximation for the input value 𝑉, if the output 𝑋 of this

𝑃𝑟 [[𝑋 − 𝑉] ≤ 𝜖𝑉] ≥ 1 − 𝛿 ⇔ 𝑃𝑟 [[𝑋 − 𝑉] ≥ 𝜖𝑉] ≤ 𝛿 (10)
By using this definition and Eq. (9), we present the following equation to achieve a (1−𝛿) confidence for the correctness
of such an approximation:

−

2𝑒

2𝑚( 𝜖 ×𝜇) 2
𝑝𝑒𝑠 2
(𝑊 𝐶𝐸𝑇
)
𝑖



2 (𝑊𝐶𝐸𝑇𝑖 ) 2
≤𝑚
≤ 𝛿 =⇒ 𝑙𝑛( )
𝛿 2(𝜖 × 𝜇) 2
𝑝𝑒𝑠

(11)

(𝑊 𝐶𝐸𝑇𝑖
)2
2( 𝜖 ×𝜇) 2
𝑝𝑒𝑠

This equation shows that with 𝑚 ≥ 𝑙𝑛( 2𝛿 )
instances, 𝜇ˆ is an (𝜖, 𝛿)-approximation for 𝜇.
𝑃𝑟 [| 𝜇ˆ − 𝜇| ≥ 𝜖 × 𝜇] ≤ 𝛿



(12)

C. Determining a tight execution time bound
Eq. (5) presents a general theorem that is applied to any
time distribution of tasks. Therefore, it might not provide
a tight upper bound for the probability of mode switching.
For example, if we consider 𝑛 = 0 (𝐶𝑖𝐿𝑂 = 𝐴𝐶𝐸𝑇𝑖 ), the
rate of exceeding 𝐴𝐶𝐸𝑇𝑖 for task 𝜏𝑖 is bounded with 100%
by Chebyshev theorem. It means the execution time of all
samples of task 𝜏𝑖 might be more than 𝐴𝐶𝐸𝑇𝑖 , which is not
true for most distributions. Although it is not wrong, it does
not provide a piece of useful information. Table II shows the
percentage of overruns for five different applications, from
MiBench suite [36] through experiments and our analysis,
Chebyshev-based scheme. As shown, the proposed scheme
can provide an upper bound which is valid for any execution
time distribution. However, this scheme gives a pessimistic and
loose upper bound for many applications. As an example, the
percentage of overruns in experiments for ‹corner› application,
is 7.96% when 𝑛 = 0, while according to our scheme, it is
estimated to be 100%.
Since in our case, the tasks’ execution time distribution
for some applications is known, we propose another scheme,
alternative one, to determine the tighter execution time bounds.
As we discuss further, the determined WCETs would be more
realistic, which cause the method to be more scalable. Note
that, this method might help for better scale to multiple criticality levels and thus, better management of mode switches. To
preset the tighter execution bounds, we execute several benchmarks on a real board (we discuss the details in Section VI)
and investigate their time distributions. Fig. 2a depicts the
execution time distribution of four applications, from MiBench
suite [36]. The distribution curve of these applications is very
similar to existing known probability distributions. Therefore,
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Fig. 2. Empirical execution time distributions and fitted distributions. (a) Empirical time distribution. (b) Fitted distribution. (c) Empirical and fitted CDF.
(d) Top-3 distributions’ PDF for insertsort. (e) CDF of Bur distribution. (f) CDF of t distribution. (g) CDF of Weibull distribution.

we fitted these applications with the well-known distributions.
We used features of those distributions like probability density
function (PDF) and cumulative distribution function (CDF)
to estimate a tighter upper bound for mode switching. A
distribution’s CDF shows the probability that the execution
time of an instance is less than or equal to a certain value,
which we can consider as the optimistic WCET. Fig. 2b
shows the fitted PDF and Fig. 2c shows the empirical and
fitted CDF for four benchmarks. Since the probability of each
task overrunning is important in our proposed method, we
use the CDF formula (based on the best-fitted distribution) as
(1 − 𝑃𝑖𝑀 𝑆 ) in our proposed method to find a tighter bound.
To identify the best-fitted distribution for the applications’
execution time data, we have considered 16 different data
distributions such as Normal, Burr, Gamma, t, Weibull, Lognormal, etc.. We evaluate the distributions’ efficacy using
Kolmogorov-Smirnov’s (K-S) fitness metric [37], which is a
commonly used technique. We select top-three distributions
to implement the corresponding fitness functions for each
application. As an example, Fig. 2d shows the density of
top-3 distributions for the ‹insertion-sort› application, that
are Burr, t, and Weibull distributions. Besides, to see how
well a distribution fits data, we show how empirical data is
distributed compared with a fitted distribution. Therefore, by
using probability–probability (p-p) plot [38], we show two
CDFs against each other. Fig. 2e, 2f, and 2g show it for the
empirical and fitted data for top-three distributions. As shown,
the Burr distribution (Fig. 2e) is more matched between the
observed and theoretical cumulative distributions, compared to
t distributions (Fig. 2f) and Weibull (Fig. 2g) distribution.

In the end, to compute a tighter probability of task overrunning (𝑃𝑟𝑜𝑏 𝑖𝑀 𝑆 ) based on 𝑛, 𝐴𝐶𝐸𝑇 and 𝜎, instead of using
Eq. (5), the CDF of the determined distribution (𝐹𝑖 (𝑡)) is used
as 𝑃𝑟𝑜𝑏 𝑖𝑀 𝑆 = 1 − 𝐹𝑖 ( 𝐴𝐶𝐸𝑇𝑖 + 𝑛 × 𝜎𝑖 ).
D. Task schedulability analysis
In this subsection, we analyze the task schedulability and
present the conditions based on the new formula of 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 ,
determined in previous subsections. To schedule MC tasks
in the uni-processor, we apply the existing MC scheduling
technique, EDF-VD algorithm, which has been used in many
studies since the last decade [1], [2], [4]. Here, when the
system switches to the HI mode, all LC tasks are dropped. If
𝑈𝑙𝑘 denotes total utilization of tasks with the same criticality
level 𝑙 in the mode 𝑘, then:
Õ  𝐴𝐶𝐸𝑇𝑖 + 𝑛𝑖 × 𝜎𝑖 
Õ 𝐶𝐻𝐼
𝑖
𝐿𝑂
𝐻𝐼
𝑎𝑛𝑑
𝑈
=
𝑈𝐻
=
𝐻𝐶
𝐶
𝑇
𝑇
𝑖
𝑖
𝜁 =𝐻 𝐶
𝜁 =𝐻 𝐶
𝑖

𝑖

(13)
A suitable 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for each HC task 𝜏𝑖 can be achieved
by choosing the optimum 𝑛𝑖 (used in Eq. (6)). The optimum
𝑛𝑖 must be determined to minimize the mode switching probability and maximize the resource utilization. To solve this,
we formulate the optimization problem to find the optimum
𝑛𝑖 for each task 𝜏𝑖 and determine its 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡 . Furthermore,
Eq. (14) must be satisfied to guarantee schedulability by EDFVD at run-time [1]. Eq. (14) presents the necessary and
sufficient conditions to guarantee the task schedulability in
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both LO and HI modes and meeting deadlines of running tasks
even if the system switches to the HI mode [1].
!
𝐿𝑂
𝐿𝑂
𝑈𝐻
𝐶 × 𝑈 𝐿𝐶
𝐿𝑂
𝐿𝑂
𝐻𝐼
𝑈 𝐻 𝐶 + 𝑈 𝐿𝐶 ≤ 1 𝑎𝑛𝑑 𝑈 𝐻 𝐶 +
≤ 1 (14)
𝐿𝑂
1 − 𝑈 𝐿𝐶

7

TABLE III
𝑜 𝑝𝑡
𝑝𝑒𝑠
T HE MINIMUM VALUE OF 𝑛 IN 𝑊 𝐶 𝐸𝑇𝑖
≥ 𝑊 𝐶𝐸𝑇𝑖
FOR DIFFERENT
TASKS

𝑛

FFT
60

qsort
17

dijkstra
12

corner
11

edge
27

smooth
8

epic
7

bitcount
19

E. Optimization problem formulation
In order to formulate the optimization problem based on
the two objectives (mode switching probability and system
utilization), we first identify the variables and constraints for
better understanding. For each task 𝜏𝑖 , 𝐴𝐶𝐸𝑇𝑖 , 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 ,
𝑇𝑖 (period) and 𝜎𝑖 (standard variation) are constant. 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡
is variable, which is computed based on the variable 𝑛𝑖 (Introduced in Section V-A). These constant parameters and
variables are used to compute the objectives, mode switching
probability, and system utilization. In order to optimize these
objectives and find the optimum value for 𝑛𝑖 , we first present
the constraints and then formulate the objectives as follows.
Execution Time Constraint: 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡 of each HC task
𝜏𝑖 must not be more than 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 .

𝑀𝑆
Hence, if 𝑃𝑆𝑦𝑠
=1, it means the system is always in the
𝑀𝑆
HI mode, and all LC tasks are always dropped. If 𝑃𝑆𝑦𝑠
=0, it
implies all LC tasks are always executed with no dropping.
Therefore, by having these two objectives, we maximize the
following equation.

( 𝐴𝐶𝐸𝑇𝑖 + 𝑛𝑖 × 𝜎𝑖 ) ≤ 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠

𝑀𝑆
𝐿𝑂
𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒{(1 − 𝑃𝑆𝑦𝑠
) × 𝑈 𝐿𝐶
}

(15)

There are two main objectives to optimize the system:
Objective 1: Mode Switching Probability: If the LC tasks
are dropped frequently due to the HC tasks overrunning, it
may negatively impact the performance or functionality of
MC systems. Therefore, one of the most significant objectives
𝑀𝑆
is the minimization of mode switching probability. Let 𝑃𝑆𝑦𝑠
𝑛𝑜𝑀 𝑆
denote the probability of system mode switching. If 𝑃𝑆𝑦𝑠
is
the probability that no HC task overruns and consequently,
𝑀𝑆
𝑆
no mode switch happens, then, 𝑃𝑆𝑦𝑠
= 1 − 𝑃𝑆𝑛𝑜𝑀
𝑦𝑠 . Since
𝑀𝑆
tasks are independent, 𝑃𝑆𝑦𝑠 is computed as shown in Eq. (16),
where 𝑃𝑖𝑀 𝑆 is the probability of task overrunning for task 𝜏𝑖 .
1
According to our discussion in Section V-A, 𝑃𝑖𝑀 𝑆 = 1+𝑛
2 . The
𝑖
higher the 𝑛𝑖 , the less the mode switching probability.
!
Ö
Ö
1
𝑀𝑆
𝑀𝑆
1−
(1 − 𝑃𝑖 ) = 1 −
𝑃𝑆 𝑦𝑠 = 1 −
(1 + 𝑛2𝑖 )
𝜁𝑖 ∈𝐻 𝐶
𝜁𝑖 ∈𝐻 𝐶
(16)
Objective 2: Resource Utilization: The second objective is
to improve the resource utilization by a significant gain in
terms of the utilization that can be allocated to LC tasks in
𝐿𝑂
𝐿𝑂
). Although maximizing 𝑈 𝐿𝐶
is desired,
the LO mode (𝑈 𝐿𝐶
it is upper-bounded by the schedulability constraints, which
can be derived from Eq. (14). Eq. (17) presents the condition
to guarantee the task schedulability in the LO mode under
the EDF-VD algorithm. In addition, as mentioned in Section V-D, Eq. (18) shows the condition for guaranteeing the
task schedulability in the HI mode and mode switching [1], [8].
𝐿𝑂
In these equations, the maximum amount of 𝑈 𝐿𝐶
depends on
the values of 𝑛𝑖 for each HC task. The lower the 𝑛𝑖 , the higher
𝐿𝑂
. Therefore, the second objective can be bounded as
the 𝑈 𝐿𝐶
follows.
𝐿𝑂
𝐿𝑂
𝑈𝐻
𝐶 + 𝑈 𝐿𝐶 ≤ 1 =⇒
𝐿𝑂
𝐿𝑂
𝑈 𝐿𝐶
≤ (1 − 𝑈 𝐻
𝐶) = 1 −

Õ  𝐴𝐶𝐸𝑇𝑖 + 𝑛𝑖 × 𝜎𝑖 
𝑇𝑖
𝜁 =𝐻 𝐶
𝑖

(17)

𝐻𝐼
𝑈𝐻
𝐶

+

𝐿𝑂
𝐿𝑂
𝑈𝐻
𝐶 × 𝑈 𝐿𝐶
𝐿𝑂
1 − 𝑈 𝐿𝐶

!
≤ 1 =⇒

𝐿𝑂
𝑈 𝐿𝐶

≤

!

𝐻𝐼
1 − 𝑈𝐻
𝐶
𝐻 𝐼 + 𝑈 𝐿𝑂
1 − 𝑈𝐻
𝐶
𝐻𝐶

𝐻𝐼
©
ª
1 − 𝑈𝐻
𝐿𝑂
Í
𝐶
  ®® (18)
=⇒ 𝑈 𝐿𝐶
≤ 
𝐴𝐶𝐸𝑇
+𝑛
×𝜎
𝐻𝐼 +
𝑖
𝑖
𝑖
1 − 𝑈𝐻
𝜁𝑖 =𝐻 𝐶
𝑇𝑖
𝐶
«
¬

(19)

1) Problem solving: Derivation-based optimization: In order to optimize two objectives of mode switching probability
and utilization, the optimum value of 𝑛𝑖 must be obtained
for each task 𝜏𝑖 . If the uniform 𝑛 is considered for all tasks
to compute the 𝑊𝐶𝐸𝑇𝑖𝐿𝑂 , we can obtain the optimum 𝑛 by
finding the derivation of both objectives. Using the method of
the second derivative helps to find the largest or smallest value
of a function, where the derivative equals zero. Further details,
on how the derivative works to find the optimum value, are
provided in the result section (Section VI-B2) by an example.
However, obtaining the uniform optimum 𝑛 for all tasks is not
fair and tasks have different time distribution. Table III shows
the minimum value of 𝑛 for some benchmarks of MiBench
Suite, where 𝑊𝐶𝐸𝑇𝑖𝑜 𝑝𝑡 = 𝐴𝐶𝐸𝑇𝑖 + 𝑛 × 𝜎 ≥ 𝑊𝐶𝐸𝑇𝑖𝑝𝑒𝑠 .
Due to having different time distribution of tasks, choosing
the uniform 𝑛 causes the system’s objectives to not optimize
well and precisely. As a result, optimization techniques that
can handle non-uniform values of 𝑛𝑖 across different tasks and
can scale effectively with increasing number of tasks in the
system are necessary.
2) Problem solving: GA-based optimization: Global optimization methods based on randomized algorithms, have
been used extensively in system-level design space exploration
for QoS improvement in embedded systems [39]. In our
current work, we use Genetic Algorithms (GA) for solving
the maximization problem shown in Eq. (19). GA involves
using randomized search methods based on the principles of
natural evolution and genetics.
It is important to mention that Mixed-Integer Linear Programming (MILP) can be used as an alternative to Genetic
Algorithms (GA) for optimisation. However, the problem
formulation of MILP is much more complex compared to
that of GA, which allows a simpler implementation of the
fitness function. Although GA has the lack of optimality
guarantees, MILP also does not scale very well with the
number of integer variables. So, increased number of integer
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TABLE IV
E XECUTION TIME DISTRIBUTION OF VARIOUS BENCHMARKS
Exe. Parameters (𝑚𝑠)
𝑊 𝐶 𝐸𝑇 𝑝𝑒𝑠
𝐴𝐶𝐸𝑇
𝜎

insertsort-10000
753.23
51.33
6.38

matrix-mult
387.67
13.05
5.6

qsort-10000
759.32
39.65
5.46

(and real) variables resulting from large number of tasks—𝑛𝑖
and support variables—in an MILP formulation can increase
the complexity considerably. Most state-of-the-art tools for
solving MILP problems also provide a time-bound best-effort
solution for complex problems. Further, for the distributionaware optimization for real-world tasks, we use a lookup table
to search for the closest WCET and PMS values. Implementing
such lookup-based optimizations from real-world observations
with standard MILP formulation can be considerably more
complex than using GA. It must be noted that the focus
of the article is on showing the efficacy of the proposed
methodology in providing improved trade-offs between mode
switching probability and utilization. While we would ideally
prefer optimization methods with guaranteed optimality, the
choice of GA was based on the ease of implementation and
the support for integrating varying estimation methods–both
mathematical and lookup-based. However, MILP formulation
for the current research problem can be a suitable topic for
further exploration. The encoding approach and GA methods
used in our current work include the following:
•

•

•

•

•

Individual: An ordered sequence of integer values forms
the individual in the population. Each integer in the
sequence corresponds to the value of 𝑛𝑖 for a task 𝜏𝑖 .
Population: During the optimization we generate two
types of individuals for initializing the population of the
first generation of candidate solutions. Firstly, we generate individuals comprising of randomly sampled 𝑛𝑖 values
from the range [1, 50] for each task 𝜏𝑖 in the benchmark.
Secondly, we generate uniform-valued individuals from
the same range to ensure that the optimization included
uniform values of 𝑛𝑖 for each task.
Cross-over and Mutation: We used two-point cross-over
for exchanging 𝑛𝑖 values among two candidate solutions.
During cross-over, the configurations of the two randomly
selected possible solutions are interchanged. This process
forms one of the algorithms that generates new possible
solutions (individuals) for the next generation of solutions. In our current problem, this entails interchanging
the 𝑛𝑖 values of two candidate solutions, selected from
the current generation, for a subset of the tasks. Similarly,
we used single-point mutation to set the value of 𝑛𝑖 for
a randomly selected task in the candidate solution to a
randomly selected value in the range [1, 50].
Selection: We use tournament selection for choosing
the candidate solutions for the population of the next
generation. It involves randomly choosing a fixed number
of individuals from the current population and selecting
𝑀𝑆
𝐿𝑂
the one with the maximum value of (1 − 𝑃𝑆𝑦𝑠
) × 𝑈 𝐿𝐶
for the next generation.
Fitness and Feasibility: Eq. (16) to (18) were used to

corner
51.63
0.55
0.71

edge
131.47
0.94
0.87

smooth
301.09
9.317
5.63

epic
230.81
2.69
1.98

bitcount
1142.17
64.73
6.94

dijkstra
1039.98
81.95
8.65

FFT
686.52
6.15
2.12

𝑀𝑆
𝐿𝑂
evaluate the fitness ((1 − 𝑃𝑆𝑦𝑠
) × 𝑈 𝐿𝐶
) of each candidate solution. Similarly, Eq. (14) and (15) were used to
determine the feasibility of each candidate solution.

VI. E VALUATION
In this section, we present the experiments to evaluate the
effectiveness of our proposed scheme in terms of utilization,
schedulability, and mode switching probability.
A. Evaluation with real-life benchmarks at run-time
1) Evaluation setup: To evaluate our scheme, we conducted some experiments on the ODROID XU4 board powered
by ARM, which has the big.LITTLE architecture, with four
Cortex A15 (big) and four Cortex A7 (LITTLE) cores. We use
the LITTLE cores with the maximum frequency of 1.4𝐺𝐻𝑧,
for doing the experiments.
To evaluate our scheme by real benchmarks, we use various
benchmarks from MiBench benchmark suite [36] such as automotive, network, telecomm. and from AXBench [40] such as
matrix-multiplier. We execute each benchmark with different
inputs on ODROID-XU4 board, to achieve their execution
times. Table IV shows the pessimistic WCET, ACET, and 𝜎
(standard deviation) of these benchmarks.
2) Minimum required samples to estimate ACETs: Fig. 3
shows the minimum required samples of each benchmark
based on Theorem 2 to estimate ACET, by varying the parameters of (𝜖, 𝛿)-Approximation. In fact, as an example in
Fig. 3a, with 90% confidence, the estimation error of ACET
for each benchmark is less than (𝜖 × 𝜇), where 𝜇 is the real
mean. Besides, by decreasing the confidence, the minimum
required samples for each benchmark is decreased. It means
with more samples, we can say with more confidence that the
difference between the estimated average and the real average
is less than 𝜖 × 𝐴𝐶𝐸𝑇 𝑟 𝑒𝑎𝑙 .
3) Investigating MC systems’ timing behaviour: In order
to evaluate the proposed approach, we run these benchmarks
on a single core. We consider ‹insert-sort›, ‹matrix-mult›,
‹qsort›, ‹bitcount›, ‹dijkstra›, and ‹FFT› as HC tasks, and
‹corner›, ‹edge›, ‹smooth›, and ‹epic› as LC tasks. We compute
the low WCET for each HC task based on the three polices–
our scheme under Chebyshev’s theorem, our scheme under
distribution analysis, and the fraction analysis. In order to
specify what the fraction analysis is, as discussed in Section II,
most of the state-of-the-art approaches have defined a fraction
of 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 as 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 . For example, if we define 𝜆 =
1
1
𝑊 𝐶𝐸𝑇 𝑜 𝑝𝑡
𝑊 𝐶𝐸𝑇 𝑝𝑒𝑠 , researchers in [12] have considered 𝜆 ∈ [ 2.5 , 1.5 ] in
their experiments. In [1], two different ranges for 𝜆 have been
considered, 𝜆 ∈ [ 14 , 1] and 𝜆 ∈ [ 18 , 1]. Researchers in [4] have
1 1 1 1
considered the amount of 𝜆 ∈ { 16
, 8 , 4 , 2 , 1}. Since all papers

Samples'
Number
(m)
Samples'
Number
(m)
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insert-sort
matrix-mult
qsort
corner
edge
smooth
epic
bitcount
dijkstra
FFT
!
1.2E+06
120 ×10
insert-sort
matrix-mult
qsort
corner
TABLE V
edge
smooth
epic
bitcount
1.0E+06
100
S YSTEM PERFORMANCE IN BOTH DESIGN - TIME AND RUN - TIME PHASES ,
dijkstra
FFT
!
×10
1.2E+06
120
FOR DIFFERENT SCENARIOS
8.0E+05
80
1.0E+06
100
6.0E+05
60
8.0E+05
80
4.0E+05
40
6.0E+05
60
20
2.0E+05
4.0E+05
40
0.0E+000
20 0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.21 0.23 0.25 0.27 0.29
2.0E+05
error (𝜖 )
0.0E+000
0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.21 0.23 0.25 0.27 0.29
error (𝜖 )

[1] 𝜆 = 12
[1] 𝜆 = 14
[1] 𝜆 = 18
1
[1] 𝜆 = 16
Chebyshev
Dist. Analyt.

dropped
LC jobs(%)

𝐿𝑂 )
𝑚𝑎𝑥 (𝑈𝐿𝐶

𝑀𝑆
𝑃𝑆𝑦𝑠

𝐿𝑂 )×
𝑚𝑎𝑥 (𝑈𝐿𝐶
𝑀𝑆)
(1 − 𝑃𝑆𝑦𝑠

0
0
0.33%
39.29%
0.06%
0

44.7%
61.78%
76.37%
86.61%
77.01%
84.31%

0.24%
1.21%
10.23%
92.02%
7.1%
2.25%

0.446
0.610
0.686
0.069
0.715
0.824

(a)

Samples'
Number
(m) (m)
Samples'
Number

!
1.2E+06
120 ×10

insert-sort
edge
dijkstra
insert-sort
edge
dijkstra

matrix-mult
smooth
FFT
matrix-mult
smooth
FFT

qsort
epic
qsort
epic

corner
bitcount
corner
bitcount

1.0E+06
100
!
1.2E+06
120 ×10
8.0E+05
80
1.0E+06
100
60
6.0E+05
8.0E+05
80
4.0E+05
40
60
6.0E+05
2.0E+05
20
4.0E+05
40
0.0E+000
2.0E+05
20 0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.21 0.23 0.25 0.27 0.29
error (𝜖 )
0.0E+000
0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.17 0.19 0.21 0.23 0.25 0.27 0.29
(b)
error (𝜖 )

Fig. 3. Required number of samples for different benchmarks by varying the
error (𝜖 ) and confidence (1 − 𝛿). (a) 1 − 𝛿= 0.9. (b) 1 − 𝛿= 0.8.

have the same policy to determine 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 , we choose [1]
as a representative of these approaches.
For these real tasks, including both LC and HC tasks, the
system with 𝜆 = 1 has the utilization more than one in the
worst-case scenario and then it is not schedulable. Therefore,
1 1 1 1
we only consider the amount of 𝜆 as { 16
, 8 , 4 , 2 }. Here, we
investigate the system at run-time for 1000 hyper-period of
tasks, and see how often these tasks exceed their 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡
under various policies and the system has to switch to the HI
mode.
By reducing the 𝜆, the optimistic WCET (𝐶𝑖𝐿𝑂 ) for HC
tasks decreases, and the system executes more LC tasks. But
on the other hand, it causes frequent system switches and
more LC tasks dropping during run-time, leading to lower
QoS. As an example, Table V shows the maximum total
utilization bound that can be assigned to LC tasks at designtime for each scenario and also the percentage of dropped
LC tasks due to the system mode switching at run-time. We
assume that the system needs to run different instances of
each LC tasks (with different input) as much as possible
to improve the QoS. As shown in Table V, the Chebyshevbased scheme can schedule more LC tasks in the system
compare to [1] approach. Although the maximum assigned
utilization to LC tasks is almost equal to the scenario of [1]
with 𝜆 = 18 , the mode switching probability and the number LC
dropped tasks are lower in the Chebyshev-based scheme. This
is because a fraction of pessimistic WCET does not provide
any information about how many samples might exceed it.
So, setting the optimistic WCET of each task equal to 𝜆 = 81
of the pessimistic WCET of that task is too low for some
tasks and too high for others. The optimization goal in the last
column of the table shows this fact that the Chebyshev-based

scheme performs better than the approach of [1] (i.e., the goal
metric has a larger value). Besides, the distribution analyticsbased scheme improves total utilization by 7.3% compared to
Chebyshev-based scheme. It also reduces the mode switching
probability by 4.85%. This is because the Chebyshev is a
general formula that is valid for any distribution, but it isn’t
very optimistic. The value of optimization goal in the last
column of the table also shows this fact. Let us consider the
distribution analytics-based scheme with the method of [1]
1
which both have almost the same total utilization.
with 𝜆 = 16
The results show that in the distribution analytics-based, the
probability of mode switching and the percentage of dropped
LC tasks are 89.75% and 39.29% lower, respectively, which
is desirable.
B. Evaluation with synthetic task sets
1) Task set generation and evaluation setup: In order
to further evaluate our scheme, we generated synthetic dualcriticality task sets similar to the state of the art studies [1],
[13], [20], [21], for various system utilization bounds (𝑈𝑏𝑜𝑢𝑛𝑑 )
in line with the previous works [1], [13], [15], [20], [21],
𝐿𝑂
𝐿𝑂
𝐻𝐼
where (𝑈𝑏𝑜𝑢𝑛𝑑 = 𝑚𝑎𝑥(𝑈 𝐿𝐶
+ 𝑈𝐻
𝐶 , 𝑈 𝐻 𝐶 )). The algorithm
adds tasks to the task set randomly to increase the 𝑈𝑏𝑜𝑢𝑛𝑑 until
it reaches a given threshold. We evaluate different approaches
for 𝑈𝑏𝑜𝑢𝑛𝑑 in the range of [0.05, 1] with steps of 0.05 and
for each 𝑈𝑏𝑜𝑢𝑛𝑑 , 1000 task sets are generated. Here, we
consider balanced tasks in terms of criticality levels, i.e., the
probability of a generated task being HC is equal to being
LC. Besides, inspired by real execution times, presented in
Table IV, we provide the 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 , 𝐴𝐶𝐸𝑇 and 𝜎 in the range
of [52,1142], [0.55,81.95] and [0.71,8.65]𝑚𝑠, respectively,
where 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠 > 𝐴𝐶𝐸𝑇. As a result, the periods of tasks
are computed 𝑝𝑒𝑠
based on the task utilization and 𝑊𝐶𝐸𝑇 𝑝𝑒𝑠
𝑊 𝐶𝐸𝑇𝑖
𝐻
𝐼
(𝑢 𝑖 =
).
𝑃𝑖
The recent advanced features in CAD tools, like MATLAB,
Excel, and new libraries in Python, provide several practical
ways to find a distribution that fits the best to the data
samples. Besides, the probabilistic analysis for distribution
fitting is implemented in Python using multiple packages,
including scikit-learn. For solving the formulated problem with
GA, we set the mutation probability to 0.2 and the crossover probability to 0.8. We also used five individuals in the
tournament selection process. The optimization methods were
implemented in Python using the DEAP [41] package. In the
following, we perform extensive simulations to evaluate the
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Fig. 4. Effect of varying uniform 𝑛 on maximum assigned utilization to LC tasks and mode switching probability for an example task set. (a) second derivation
𝑀 𝑆 and 𝑚𝑎𝑥 (𝑈 𝐿𝑂 ). (c) objective function.
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2) Effect of varying uniform n on maximum
0.2
utilization to LC tasks and mode switching probability
for
a task set example: In this section, we evaluate 0the effects
of varying the parameter 𝑛, used to determine 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for
each HC task, on system properties. In this experiment, for
the sake of presentation, we considered only one 𝑛 (uniform)
for all HC tasks. However, in further experiments, due to our
explanation in Section V-E1, we find an independent 𝑛 for
each task with the help of the GA algorithm. As mentioned,
we improve resource utilization by a significant utilization that
can be allocated to LC tasks in the LO mode. Fig. 4 shows
𝐻 𝐼 = 0.84. First
the results for an example task set with 𝑈 𝐻
𝐶
we show the results, solved by derivation-based optimization
in Fig. 4a, and then by GA-based Optimization in Fig. 4b
and 4c.
Fig. 4a shows the second derivative of utilization and mode
switching probability for the task set. The figure shows that
the second derivative of utilization is almost zero all the time,
while the second derivative of mode switching probability
becomes almost zero for 𝑛 ≥ 18. Therefore, we can conclude
that the mode switching probability impacts more on obtaining
the optimum value of 𝑛. To show how effective the derivationbased optimization is, we solve the problem with uniform 𝑛
by GA-based Optimization for this example, shown in Fig. 4b
and 4c.
Eq. (15) shows that by increasing the value of 𝑛, the
𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 of HC tasks, and consequently HC tasks’ utilization
in the LO mode are increased, which reduces the number
𝐿𝑂
of scheduled LC tasks at design-time (𝑚𝑎𝑥(𝑈 𝐿𝐶
)). On the
other hand, Eq. (16) shows that by increasing the value of 𝑛,
𝑀 𝑆 ) is decreased, which
the probability of mode switching (𝑃𝑠𝑦𝑠
means fewer LC tasks are dropped at run-time. Fig. 4b depicts
𝑀 𝑆 and 𝑚𝑎𝑥(𝑈 𝐿𝑂 )
that, by increasing the value of 𝑛, both 𝑃𝑠𝑦𝑠
𝐿𝐶
are decreased, while to achieve the best utilization, we need to
𝐿𝑂
𝑀 𝑆 . Therefore, if the
maximize 𝑚𝑎𝑥(𝑈 𝐿𝐶
), and minimize 𝑃𝑠𝑦𝑠
𝐿𝑂
𝑀
𝑆
), is
𝑛 is set to 5, then 𝑃𝑠𝑦𝑠 is equal to 0.54, and 𝑚𝑎𝑥(𝑈 𝐿𝐶
𝑀
𝑆
equal to 0.91. Meanwhile for 𝑛 = 10, 𝑃𝑠𝑦𝑠 is equal to 0.18,
𝐿𝑂
𝑀 𝑆 is decreased
and 𝑚𝑎𝑥(𝑈 𝐿𝐶
) is equal to 0.88. Indeed, 𝑃𝑠𝑦𝑠
𝐿𝑂
at a great rate by increasing 𝑛, compared to 𝑚𝑎𝑥(𝑈 𝐿𝐶
)
𝑀
𝑆
decrements. Now, consider 𝑛 = 20 where 𝑃𝑠𝑦𝑠 = 0.05 and
𝐿𝑂
𝑀𝑆
𝑚𝑎𝑥(𝑈 𝐿𝐶
) = 0.82. It can be seen that the rate of 𝑃𝑠𝑦𝑠
𝐿𝑂
reduction is decreased by increasing 𝑛, while 𝑚𝑎𝑥(𝑈 𝐿𝐶 )

𝐿𝑂
reduction rate is very low. Therefore, 𝑚𝑎𝑥(𝑈 𝐿𝐶
) becomes
𝑀
𝑆
more important than 𝑃𝑠𝑦𝑠 in this case. We used Eq. (19),
𝑀𝑆
to find a proper 𝑛 which makes a trade-off between 𝑃𝑠𝑦𝑠
𝐿𝑂
and 𝑚𝑎𝑥(𝑈 𝐿𝐶 ) and improves the system utilization. Fig. 4c
shows, the optimum 𝑛 is 18 for our case study task set where
𝐿𝑂
𝑀𝑆
𝑚𝑎𝑥(𝑈
𝐿𝐶 ) = 83% and 𝑃 𝑠𝑦𝑠 = 0.06.
n
3) Effect of varying uniform n on maximum assigned
utilization to LC tasks and mode switching probability for
more task sets: Now, we evaluate the effects of parameter
𝑛 and different utilization of HC tasks on system properties
in Fig. 5, by running 1000 task sets for each utilization
𝑀 𝑆 is increased when utilization
point. According to Fig. 5a, 𝑃𝑠𝑦𝑠
𝐻 𝐼 equal
increases. For example, for a constant 𝑛 = 10, for 𝑈 𝐻
𝐶
𝑀
𝑆
to 0.4 and 0.8, 𝑃𝑠𝑦𝑠 is 15.47% and 28.43%, respectively. The
reason is, when utilization of HC tasks is high, more HC
tasks are scheduled in the system. Since each HC task has
the probability of overrunning, by increasing the number of
𝑀 𝑆 is increased. In addition, we discussed that
HC tasks, 𝑃𝑠𝑦𝑠
𝑀
𝑆
𝑃𝑠𝑦𝑠 is decreased by increasing 𝑛. Fig. 5b also shows that
𝐻 𝐼 , there is less opportunity to schedule LC
by increasing 𝑈 𝐻
𝐶
tasks. As a result, the system schedules fewer LC tasks which
𝐿𝑂
degrades 𝑚𝑎𝑥(𝑈 𝐿𝐶
). As an example, for a constant 𝑛 = 10,
𝐿𝑂
𝐻
𝐼
𝐻 𝐼 = 0.8,
if 𝑈 𝐻 𝐶 = 0.4, then 𝑚𝑎𝑥(𝑈 𝐿𝐶
) = 87.59% and if 𝑈 𝐻
𝐶
𝐿𝑂
then 𝑚𝑎𝑥(𝑈 𝐿𝐶 ) = 53.46%. Besides, as mentioned, increasing
𝐿𝑂
𝑛 causes a decrease in 𝑚𝑎𝑥(𝑈 𝐿𝐶
). As a result, by increasing
𝑀
𝑆
𝑛, 𝑃𝑠𝑦𝑠 is reduced (which is desirable), and the LC tasks
utilization and consequently schedulability is also reduced
𝑀 𝑆 and
(which is not desirable). Now, if we optimize both 𝑃𝑠𝑦𝑠
assigned utilization to LC tasks, we can find the optimum
𝑀𝑆
value of 𝑛 for HC tasks. Fig. 5c shows the product of 𝑃𝑠𝑦𝑠
𝐿𝑂
and 𝑚𝑎𝑥(𝑈 𝐿𝐶 ) (Eq. 19), where, the optimum 𝑛 is decreased in
𝐻 𝐼 , to run more tasks in system.
general with an increase in 𝑈 𝐻
𝐶
4) Comparison with the other policies: Since applications
have different time distributions, choosing the uniform 𝑛
prevents the system from optimizing its objectives precisely.
Therefore, solving the problem with optimization algorithms
like GA is the best method to optimize system properties. As
a result, in this subsection, we compare the mode switching
probability and resource utilization under our proposed scheme
with non-uniform 𝑛 using the GA-algorithm, and the other
𝐿𝑂
policies, used to determine 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 and then, 𝑈 𝐻
𝐶.
Since ACET and 𝜎 for each task are known, the system
mode switching probability for other policies can be obtained
using Eq. 6. Fig. 6 shows the results of comparing different
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Fig. 6. The effectiveness of our proposed scheme in comparison with other policies, proposed in other research works. (a) 𝑚𝑎𝑥 (𝑈𝐿𝐶
𝐻𝐶
𝑀
𝑆
𝐻
𝐼
𝐻
𝐼
(b) 𝑃𝑠𝑦𝑠 by varying 𝑈𝐻𝐶 . (c) optimization goal by varying 𝑈𝐻𝐶 .

policies and our scheme with the optimum 𝑛𝑖 for each task 𝜏𝑖
of task sets using the GA-algorithm, for different utilization.
In the Baruah’s approach [1], considering a large lowerbound value for 𝜆 like 1, 12 , reduces the probability of mode
switching, but it under-utilizes the system during run-time.
𝐻 𝐼 = 0.75, for 𝜆 = 1, 𝑃 𝑀 𝑆 = 9.66%
For example if 𝑈 𝐻
𝑠𝑦𝑠
𝐶
𝐿𝑂
and 𝑚𝑎𝑥(𝑈 𝐿𝐶 ) = 23.28%, while for our proposed scheme,
𝑀 𝑆 = 16.46% and 𝑚𝑎𝑥(𝑈 𝐿𝑂 ) = 52.39%. On the other hand,
𝑃𝑠𝑦𝑠
𝐿𝐶
using a smaller lower-bound value for 𝜆 like 18 , increases the
maximum utilization of the LC tasks with high mode switching
𝐻 𝐼 = 0.75, then 𝑃 𝑀 𝑆 = 90.75%
probability. For instance, if 𝑈 𝐻
𝑠𝑦𝑠
𝐶
𝐿𝑂
and 𝑚𝑎𝑥(𝑈 𝐿𝐶 ) = 70.75%. Note that, to prevent the figures
from being unclear, we only show the result for the 𝜆 ∈ [ 81 , 1].
1
1
The results for 𝜆 ∈ [ 16
, 1] and 𝜆 ∈ [ 32
, 1], have more
maximum utilization increment of the LC tasks with higher
mode switching probability in comparison with 𝜆 ∈ [ 18 , 1],
which is undesirable. Our approach works well in both system
properties by determining the best 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 values for HC
𝐿𝑂
tasks base on the ACET, and then, the optimum 𝑈 𝐻
𝐶 . Fig. 6c
shows this fact by optimizing both system properties, where
the proposed scheme performs better than other policies. As
a result, our scheme improves the utilization by up to 72.27%
𝑀 𝑆 is bounded
compared to the existing approaches, while 𝑃𝑠𝑦𝑠
by 24.28% in the worst-case scenario.
5) Evaluating scheduling approaches under proposed
scheme: Now, we evaluate and compare the results in terms of
schedulable task sets (acceptance ratio) to the state-of-the-art

approaches, proposed in [1], [2], with and without our scheme.
In this experiment, we assume that the probability that a task is
an HC or LC is equal. In both [1], [2], the EDF-VD algorithm
has been used to schedule the tasks. In [2], the algorithm
executes all LC tasks in the HI mode by reducing their WCET
to 50%, and also in [1], the algorithm drops all LC tasks
when the system switches to the HI mode. It is noteworthy to
mention that our scheme for selecting the suitable 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡
for HC tasks can be applied to any scheduling algorithm
with any policy of task execution and optimize the resource
utilization and mode switching probability.
Fig. 7 shows the acceptance ratio for two state-of-the-art
scheduling approaches [1], [2], which are improved with our
scheme in all utilization bounds. As shown in this figure,
when 𝑈𝑏𝑜𝑢𝑛𝑑 ≤ 0.7, all tasks sets are schedulable with
Liu’s approach [2], and our scheme. When the system utilization is increased (0.7 < 𝑈𝑏𝑜𝑢𝑛𝑑 ≤ 0.95), our proposed
scheme performs better than Liu’s approach [2] in terms of
acceptance ratio. And so that, no task set is schedulable for
𝑈𝑏𝑜𝑢𝑛𝑑 ≥ 0.95. Besides, the same trend is found for Baruah’s
approach [1]. The reason for having a better acceptance ratio
in our scheme is determining the appropriate 𝑊𝐶𝐸𝑇 𝑜 𝑝𝑡 for
HC tasks and executing more tasks in the system.
VII. C ONCLUSION
In this paper, we proposed a scheme, Worst-Case Execution Time (WCET) analysis of mixed-criticality tasks, which
manages the probability of mode switching and improves the
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Fig. 7. Different scheduling approaches with our scheme

schedulability and timing budget allocated to low-criticality
tasks. Our scheme analyzes the application in the offline
phase to determine an appropriate low WCET for each task,
based on two approaches. In the first approach, we analyze
the applications based on the Chebyshev theorem, a general
theorem which is valid for any task with any execution
time distribution. However, to have a tighter bound for system mode switching probability, we analyze the applications
based on their distribution. The proposed scheme based on
the Chebyshev theorem improves the system utilization and
schedulability up to 72.27% and 91.2%, respectively, while
bounding the mode switching probability to 24.28% in the
worst-case scenario. We also evaluated the approaches with
real benchmarks on a hardware platform to show its efficiency.
The proposed scheme based on the distribution analysis can
reduce the mode switching probability 4.85% more for a real
task set, compared to the scheme based on the Chebyshev
theorem.
As future work, we intend to work on a machine-learningbased execution time bound for the application, which would
determine better WCETs for HC tasks based on the run-time
behaviour. Therefore, we would present a scheduling algorithm
and execute the lower-criticality tasks in higher mode.
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