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Abstract
Stable operation of complexflow and transportation networks requires balanced supply and demand.
For the operation of electric power grids—due to their increasing fraction of renewable energy sources
—a pressing challenge is tofit the fluctuations in decentralized supply to the distributed and tempo-
rally varying demands. To achieve this goal, common smart grid concepts suggest to collect consumer
demand data, centrally evaluate themgiven current supply and send price information back to custo-
mers for them to decide about usage. Besides restrictions regarding cyber security, privacy protection
and large required investments, it remains unclear how such central smart grid options guarantee
overall stability. Here we propose aDecentral Smart GridControl, where the price is directly linked to
the local grid frequency at each customer. The grid frequency provides all necessary information
about the current power balance such that it is sufficient tomatch supply and demandwithout the
need for a centralized IT infrastructure.We analyze the performance and the dynamical stability of the
power gridwith such a control system.Our results suggest that the proposedDecentral Smart Grid
Control is feasible independent of effectivemeasurement delays, if frequencies are averaged over suffi-
ciently large time intervals.

1. Introduction

Amajor challenge in realizing a future sustainable power supply is the volatile character ofmany renewable
sources [1–3]. The power generation of wind turbines and photovoltaics fluctuates strongly on different time
scales: in addition to the obvious variations between the seasons and during a single day [4], strong fluctuations
occur onmuch shorter time scales, for instance due to the turbulent character of wind [5]. Tomatch generation
and demand in a fully renewable power grid for the current demand characteristics at every point of time, would
thus require large storage facilities. Current estimates for the storage capacity range up to 400TWh for the entire
European gridwith 100% renewables and no stand-by power plants [4]. In addition to potential environmental
effects, as, e.g., the large landscape consumption for pumped hydro storage facilities, this would requiremassive
capital investments.

To reduce these enormous numbers, it has been proposed to regulate the consumer demand tomatch the
fluctuating power generation [6]. This is amassive paradigm shift in the operation of power grids, asmainly the
generation is regulated in current power grids [7, 8]. In the new system, the price of electric energy shall be
adapted to the current generation to provide a stimulus for the consumers to adapt their demand.Most
proposals for such a smart grid are based on a sophisticated information and communication technology
infrastructure. All ‘smart’ powermeters communicate with a central computer in order to negotiate the price
and control their demand (see, e.g., [9]).However, such a centralized systemwould also raise questions of cyber
security and privacy protection [10, 11]. Evenmore, it has been shown that interdependent systems, such as this,
can become vulnerable to cascading failures [10, 12].
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An alternative, decentralized approach has beenfirst proposed already years ago, but received amajor
interest only recently. The key idea is that the grid frequency provides all information needed to control the grid.
The frequency increases in times of excess generation, while it decreases in times of underproduction [13, 14]. In
current power grids, the primary control of conventional power plants is already based on the frequency:
generation is increasedwhen the frequency decreases and vice versa [15]. In a future, fully renewable grid the
consumers could take over this role and regulate their demand autonomously on the basis of the grid frequency.
Tomake this economically favorable, it was proposed that the price of electric energy for each local consumer is a
direct function of the local grid frequency [16]. Is such a decentralized approach capable of ensuring stable
network dynamics?

Here we analyze systemswith prices locally computed as a direct function of local frequency, taking into
account averaging time intervals and effective time delays.We demonstrate that the approach holds risks at
certain time delays if the averaging interval is short. Intriguingly, for sufficiently large averaging interval,
network dynamics is stable, independent of the delays. Ourmodeling results thus suggest thatDecentral Smart
GridControl provides an efficientmeasure of ensuring grid stability.

The article is structured as follows. First, we introduce amathematicalmodel for the frequency dynamics of a
power grid, describe our concept of aDecentral Smart GridControl to realize the dynamic demand response
(DR) in section 2 and discuss several economic aspects in section 3. The dynamics and stability of a fully
interdependent techno-economical system are then analyzed in detail in section 4.We uncover potential
systemic risks and showhow they can bemastered by a proper implementation of the control.

2.DR viaDecentral SmartGridControl

DR is generally based on a flexible consumer price for electric powerwhich is adapted to the current power
generation. In periods of higher demand than generation, prices are high, giving an incentive to the consumers
to reduce their consumption. Current approaches for the implementation ofDR aremostly based on centralized
information and communication infrastructure [8, 9], i.e., all information about production and consumption
is collected decentralized, transmitted to one central IT-unit which then sends commands for further
consumption and production to the decentralized actors. Such a systemwould require largefinancial
investments and raises concerns about data protection and system vulnerability [10–12]. However, such an
expensive IT-infrastructuremay not be needed, as the grid frequency already encodes the necessary information
and is accessible everywhere in the grid.

To analyze the essential frequency dynamics of a large-scale power grid and its coupling to pricing
informationwe consider an oscillatormodel based on the physics of coupled synchronous generators and
synchronousmotors, which recently attracted a strong interest in physics [17–23]. Thismodel is very similar to
the ‘classicalmodel [15] and the structure preservingmodel [24] frompower engineering, which are routinely
used to simulate the dynamics of power grids on coarse scales.

The state of each rotatorymachine j is characterized by the rotor angleθ t( )j relative to the grid reference
rotating atΩ π= ×2 50 Hz orΩ π= ×2 60 Hz, respectively, and its angular frequency deviation from the
referenceω θ= td dj j . Everymachine has itsmoment of inertiaMj and is driven by amechanical power

P t( )j
mech , which is positive for a generator and negative for a consumer. In addition, everymachine is driven by

the electric power transmitted via the adjacent transmission lines which have a coupling strengthKij. The
dynamics of themachine j is then given by the equation ofmotion as
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For amore detailed discussion and short derivation of the equations ofmotion, see appendix A.
For the sake of simplicity, we assume that all damping constants κ κ=j andmoments of inertia =M Mj are

identical for awhile. The overall angular frequency deviation ω ω〈 〉 = ∑:
N j j
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is then determined by the equation
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where Δ = ∑P Pj j
mech is the total power balance in the grid. Equation (2) can be solved analytically with the

result
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. This relaxation is typically fast;

most perturbations are cleared in less than a second [15]. Inweakly connected grids inter-area oscillations can
last for aminute [3, 26].Hence, the angular frequency deviation ω〈 〉 is directly proportional to the power balance
of the entire system. In general, the angular frequency is the same throughout the gridω ω= 〈 〉j and can easily be
measured, such that it can be used to control the gridwithout additional communication infrastructure.

Themissing step to realize aDecentral Smart GridControl is to come upwith a one-to-one relation between
the local grid angular frequency deviationω j and the current electricity price ωp ( )j j . A device thatmeasures the

local grid angular frequency and calculates the current price according to this pre-defined function ωp ( )j j is

cheap and can be implemented in a decentralizedway, see [28] for large-scale frequencymonitoring. Electric
devices with an on-off load characteristic (e.g. washing, refrigeration, thermal heat pumps, electric cars) could
automatically shift their consumption to times of high grid frequency, relieving the grid in low frequency times.
Ensured by a properly chosen price function ωp ( ), this grid service can be economically reasonable for the
consumer and also for the electricity provider, because the grid operatorwould have potentially less costs for
primary, secondary and tertiary control. A drastic price increase at low frequencies and cheap electricity at high
frequenciesmight also change the active consumer behavior. The needed technology is readily available, since
micro combined heat and power systems or photovoltaic systems, already have a comparable control system
included [8, 27].

In particular, we propose aDecentral Smart GridControl that realizes a dynamicDR in power grids and
analyze some of its core economic and dynamic consequences. Themechanical powerP t( )j

mech in the equation
ofmotion (1) is the difference of the generated and consumed power at the jth node of the network. Both
generation and consumption depend on the current energy price p, which is described by supply S(p) and
demand curvesD(p), such that wefind

= −( ) ( )P t S p t D p t( ) ( ) ( ) . (4)j j j j j
mech

A supply function S(p) gives the amounts of goods offered, if this good is traded for a certain price p. Here, this is
the amount of power supplied by a generator, if the obtained price is p. Similarly, the demandD(p) gives the
amount of power a consumerwould like to consume for a given price p. Generally, the supply curve is
monotonically increasingwith p, while the demand curve ismonotonically decreasing. The two curves are
exogenous to themodel, in fact they are determined by the strategy of the generators, theweather and the
preferences of the consumers.

We suggest aDecentral Smart GridControl that calculates the price on the basis of the local angular
frequency deviationω j [16]; butmeasuring and updating the angular frequency in a real grid takes a certain
time. Therefore, the price generally depends on a time-averaged angular frequency deviationω t( )j . Assuming
that the angular velocity ismeasured over an interval offixed period lengthT, we define

∫ω ω= ′ ′
−

t
T

t t( )
1

( )d . (5)j
t T

t

j

Weconsider two technical scenarios for the control. First, we consider a control system that adapts only in
discrete time steps of lengthT such that the local prices are given by

ω= ⌊ ⌋( )p p t T T: ( ) , (6)j j

where⌊ ⌋· denotes rounding towardsminus infinity. Second, it can take a certain delay time τuntil the control
system adapts such that the local prices are given by

ω τ= −( )p p t: ( ) . (7)j j

Weassume that the price only depends on the frequency and that supply and demand curves are given and keep
their formon the time scales (seconds) described in this article. Hence, the design of an appropriate price
function ωp ( ) is an important step for the implementation of aDR viaDecentral Smart GridControl.

3. Economic aspects

3.1. Benefits ofDR
DRmay have huge benefits in future energy systems see, e.g., [7, 8, 25, 29, 30]. Here, we briefly summarize the
most important economic aspects, following [7], which hold regardless of the technical implementation: (1)

3
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consumersmay reduce their electricity bill by shifting their demand to periods of low prices. (2) In addition, DR
may reduce the global costs of the power system as it allows for amore efficient use of the existing infrastructure
and avoids costs for additional infrastructure. (3)DRmay improve system stability by avoiding dangerous peaks
of the demand and thus reduce the probability of power outages. (4) Finally, DRmay improvemarket
performance and reduce the price volatility. In addition to these points, DR is particularly important for future
power grids because its implementation can potentially allow a higher penetrationwith renewable energies [31].

3.2. The grid as amarket
In the current proposal of aDecentral Smart Grid Control there is no central computer which controls the
demand of the consumers and no central exchange to determine the electricity price. The control is realized in a
decentralizedway using local frequencymeasurements, thus requiring no long-distance communication. Is this
sufficient to provide an efficientmarket, i.e., to reach an economic equilibrium?

To answer this questionwefirst note that the stable stationary operation of a power grid requires that all
machines rotate in synchrony, i.e., the frequencymust be the same everywhere

ω ω= ∈ …t j N( ) for all {1, , }. (8)j
!

Otherwise the powerflowbetween two nodes j and k

θ θ= −( )P t K t t( ) sin ( ) ( ) , (9)jk jk k j

would be oscillating and average out over time. The synchronous statemust be dynamically stable for small
disturbances to be damped out [15, 32] and the gridmay self-organize to a synchronous state with steady power
flows [18, 22, 33]. Substituting the conditionω ω= 〈 〉t( )j into the equations ofmotion (1) shows that the
synchronous state is determined by the equation

∑κ ω θ θ= − − − ∈ …
=

( ) ( ) ( )S p D p K j Nsin for all {1, , }. (10)j j j j j
k

N
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Summing up the equations for all j and using =K Kij ji yields
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j

This shows that a dynamical equilibriumof the grid also implies the economic equilibriumof themarket, i.e.,
the supply equals the demand including transmission losses.Hence, we have to analyze the dynamic stability of
the combined techno-economical system to evaluate its stability properties. This will be done in detail in
section 4.

For now,we assume that the grid is in equilibriumwith ω〈 〉 = 0 at a price Ωp . To analyze the stability of this
equilibrium,we linearize the supply and demand curves close to the equilibrium:
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Themodeling ormeasurement of supply and demand curves then reduces to themeasurement of the elasticity
of supply and demand. Generally, the supply increases with the price while the demand decreases such that

⩾s 0j and ⩽d 0j and thus in particular

− >s d j0 for all . (13)j j

Here, we used course-graining, i.e., not every consumer is represented by one demand function but several
consumers are aggregated to formone node in the network and hence supply and demand curves are assumed to
be smooth.

3.3. Price and frequencyfluctuations
The new aspect of our proposal of aDecentral Smart GridControl is the direct encoding of the electricity price in
the grid frequency. Thus, the grid frequencymust be allowed to vary in certain boundaries so that fluctuations of
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the price are directly related tofluctuations of the frequency. Currently, frequency variations are limited due to
technical reasons [34]. In the European grid±200 mHz are acceptable in normal operation and up to
±800 mHz can occur in extreme cases for short times before emergencymeasures such as load shedding are
initiated [35]. This sets the order ofmagnitude at which the frequencymay vary. Accordingly, we consider a
frequency range of ±(50 0.5) Hz.

Infigure 1we analyze the possible variations of the price and the frequency inmore detail. Panel (a) shows a
histogramof plausible values of the consumer price, if this price is strictly coupled to the variable spotmarket
price forGermany in 2012 [36]. To obtain plausible consumer prices, we add 9 ct kWh−1 for distribution and
service, 7 ct kWh−1 fees plus 19%VATon the total. The variations of the electricity price directly relate to
variations of the grid frequency as described above.We consider a linear price curve for all nodes

ω ϵ ω= − ×Ω( )p p , (14)j j

with =Ωp 24.1ct kWh−1, as shown in panel (b1). For a slopeϵ = 10 (ct kWh−1)/2πHz, the price curvemaps the

operational range ω Ω π+ ∈( ) 2 [49.5, 50.5]j Hz to a price interval ∈ −p [19.1, 29.1] ct kWh 1, which covers
98%of the observed fictitious consumer prices. A histogramof the resulting frequency variations is shown in
panel (c1). In 2%of all time slots prices outside of this interval were recordedwhich can even become negative.

To treat such events accordingly, a nonlinear functionmust be chosenwhichmaps afixedfinite frequency
interval to all possible prices, i.e., to the real line. Still, the slope of this function should be bounded around the
operational pointΩ = 50 Hz. These requirements are satisfied by an inverse sigmoidal function. As a particular
example, we here consider the function

⎛
⎝⎜

⎞
⎠⎟ω α ω

πβ
= −Ω

−( )p p
2

tanh , (15)j
j1

whichmaps all angular frequency deviations in the intervalω πβ πβ∈ − +( , )j to a price ∈ −∞ + ∞p ( , ). The
operational range can thus befixed beforehand, and emergencymeasures can be specified, if frequencies outside
this range aremeasured. Choosingα βϵ= yields the same slope of the price curve around the reference
frequency as the linear price function (14). Indeed, using β = 1Hz the statistics of the observed frequencies in
figure 1 hardly change in comparison to the linear price function, see panels (b2) and (c2). The corresponding
frequencies change significantly only for extreme price events, which nowmap to the operational range
ω Ω π+ ∈( ) 2 [49.5, 50.5]j Hz as desired. A similar statistic is found for other sigmoidal functions. The precise
formof such a nonlinear price function can be designed by the grid operators on the basis of actualmarket and
consumption data.

We note thatfigure 1 is based on theGerman spotmarket prices, which showhuge fluctuations compared to
other energymarkets [39]. Furthermore, onemajor effect of a comprehensiveDRwould be to suppress extreme

Figure 1. InDR viaDecentral Smart Grid Control, variations of the electricity prices imply variations of the grid frequency. (a)
Histogramof plausible fullyflexible consumer prices deduced from spot prices at the European energy exchange [36]. (b) Price-
frequency relation according to (b1) equation (14), with slopeϵ π= −10 (ct kWh ) (2 Hz)1 and (b2) equation (15), with
α π= −10 (ct kWh ) (2 )1 and β = 1 Hz, respectively. (c)Histogramof the corresponding frequency fluctuations.
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