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Symmetry breaking ubiquitously occurs across complex systems, from phase transition in statistical physics
to self-organized lane formation in pedestrian dynamics. Here, we uncover spontaneous symmetry breaking in
a simple model of ride-sharing adoption. We analyze how collective interactions among ride-sharing users to
avoid detours in shared rides give rise to spontaneous symmetry breaking and pattern formation in the adoption
dynamics. These dynamics result in bistability of high homogeneous and partial heterogeneous adoption states,
potentially limiting the population-wide adoption of ride sharing. Our results provide a framework to understand
real-world adoption patterns of ride sharing in complex urban settings and support the (re)design of ride-sharing
services and incentives for sustainable shared mobility.
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I. INTRODUCTION

Spontaneous symmetry breaking and related pattern for-
mation dynamics are ubiquitous across complex systems.
Examples range from phase transition and phase separation
in standard many-particle systems in statistical physics [1–3]
over the emergence of nontrivial structures in complex net-
works [4–6] to the dynamics of human mobility systems [7,8].
Often, these intriguing collective dynamics emerge from
apparently simple interactions [9]. In human mobility, for
example, symmetry breaking occurs in the emergence of con-
gestion phenomena in car traffic [10–13], in trail and lane
formation in self-organized pedestrian movement [14,15], or
in the evolution of cities and large-scale commuting pat-
terns [16–18].

In recent years, the complexity of human mobility has
further increased. On-demand ride-hailing and ride-sharing
services (also referred to as ride pooling) have grown to be
a major part of urban mobility [19]. Like with conventional
taxi services, users request a ride to a desired destination and
are then picked up and delivered with door-to-door service.
However, unlike with standard taxi rides, users of ride-sharing
services may be matched into a shared ride with other users
who will be delivered to their respective destinations in the
same vehicle. The combination of multiple trips into one
vehicle potentially reduces the total distance driven compared
to individual mobility options, which makes ride sharing a
promising alternative to reduce congestion and emissions with
growing urban mobility demands [20–23]. Recent analyses
have been focused on the collective dynamics of the vehicle
fleets and drivers, the emerging universal properties of the
efficiency of ride sharing across different settings [20,24,25],
and potential negative socioeconomic consequences of cur-
rently prevailing ride-hailing services [26,27]. Yet, it remains
an open problem to understand the collective dynamics
from the user perspective with particular focus on how
these dynamics promote or inhibit the adoption of ride
sharing [28–30].

Here, we reveal spontaneous symmetry breaking in the
adoption dynamics of ride-sharing users. Based on a recently
proposed game-theoretic model of ride-sharing adoption dy-
namics [28], we demonstrate how incentives to avoid detours
in shared rides give rise to strategic interactions between
the users. Long-range inhibition of ride-sharing adoption in-
trinsic to these interactions results in stable heterogeneous
patterns of ride-sharing adoption that break the symmetry of
the interactions between two users. These adoption patterns
coexist with spatially homogeneous states of high ride-sharing
adoption and potentially limit the aggregate adoption of the
ride-sharing service at the population level. By combining
exact (semi)analytical evaluations with detailed numerical
simulations, we reveal how the emerging patterns change with
the total demand and why ride-sharing services may not be
efficient despite a high number of potential users. Our results
may help to better predict ride-sharing adoption and potential
inefficiencies in complex urban environments, contributing to
a better understanding of the interaction between ride sharing
and other modes of (public) transportation.

II. MODEL

A. Ride-sharing incentives

The decision of a ride-hailing user to request a single or
a shared ride depends on the possible benefits (or utilities) of
the two options [28,29,31–34] [see Fig. 1(a)]. Users balance
two competing incentives: (i) Service providers incentivize
shared rides through financial discounts compared to single
rides. These discounts are often percentage discounts of the
single trip fare, proportional to the direct trip distance dreq of
the requested trip, and are granted independently of whether
the ride is actually matched with another user. (ii) Poten-
tial detours ddet from successfully matched rides discourage
requesting shared rides. Detours mediate repulsive strategic
interactions between the users’ decisions and underlie the
collective phenomena observed in the adoption dynamics.
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FIG. 1. Incentives and interactions in ride-sharing adoption dynamics. (a) Incentives govern the adoption of ride-sharing services (adapted
from Ref. [28]). Financial incentives a dreq proportional to the requested trip distance dreq incentivize sharing (dark blue). Potential detours
b ddet from delivering other passengers first in a joint ride disincentivize sharing (orange). (i) Users prefer shared rides if the utility difference
�u = a dreq − b ddet compared to single rides is positive [Eq. (1)]. (ii) If the utility difference is negative due to long detours, they prefer single
rides. (b) In a simplified one-to-many demand setting with a single origin in the center and destinations ϕ uniformly independently distributed
on a circle with radius R, (i) users request shared or single rides according to their ride-sharing adoption probability p(ϕ), which depends on
their destination ϕ. (ii) They are matched with other users into shared rides to minimize the total distance driven, including the return trip.
(iii) Users realize their utility for the (shared) ride depending on their detour [orange, Eq. (2)]. Over time, the users learn the expected utility
difference E [�u(ϕ)] between single and shared rides for their destination ϕ and update their ride-sharing adoption probability [Eq. (3)].

We take the utilities to be proportional to the relevant
distances. The positive utility a dreq of the financial discount
for a shared ride request to destination ϕ is proportional to the
direct trip distance dreq and the negative incentives b ddet are
proportional to the detour ddet of the shared ride. The propor-
tionality factors a and b describe the importance of financial
incentives and detour, respectively. The financial discount is
constant since the direct trip distance dreq(ϕ) depends only
on the destination ϕ. In contrast, the (expected) detour, and
thereby also the overall utility u, depend on the destinations
and sharing decisions of other users that jointly affect which
requests are matched with each other.

Combining both the financial and the detour incentives, the
decision to book a shared or a single ride depends only on
the expected utility difference E [�u(ϕ)] for a user with des-
tination ϕ. This difference measures the expected incremental
utility of booking a discounted shared ride with a potential
detour compared to the constant utility of booking a direct
single ride,

E [�u(ϕ)] = E [u(ϕ) | share] − E [u(ϕ) | single]

= a dreq(ϕ) − b E [ddet (ϕ) | share], (1)

where E [X | s] denotes the expectation value of the random
variable X with respect to the destinations and sharing deci-
sions of all other users conditional on the user’s own sharing
decision s. Over time, users learn the expected utility dif-
ference between requesting a shared or a single ride for a
given trip and update their decisions accordingly [see Eq. (3)
below].

B. Ride-sharing model

Ride sharing in its most basic setting combines several
concurrent trip requests with a common origin o, for example
from high-demand locations such as train stations or airports,

to similar destinations ϕ1, ϕ2, . . . into a shared ride. In the
following, we consider the adoption dynamics of N concur-
rent ride-hailing users with homogeneous preferences a and
b in such a simplified one-to-many demand setting with a set
of equidistant destinations on a ring with radius R around the
origin o [see Fig. 1(b), i]. In this setting, the direct trip distance
is identical for all destinations, dreq = R, and we identify the
possible destinations by the angle ϕ ∈ [0, 2π ) in polar coor-
dinates. We randomly select the destinations of the N users
independently and uniformly from all destinations and further
assume that at most two users are matched into a shared
ride. If two users with destinations ϕ1 and ϕ2 are matched
into a shared ride, the user dropped off second experiences
a detour given by the direct geometric distance between the
two destinations [see Fig. 1(b), ii]. This detour depends only
on the difference ϕ2 − ϕ1 and can be expressed via the law of
cosines as

ddet (ϕ1, ϕ2) = R
√

2 − 2 cos (ϕ2 − ϕ1). (2)

The service provider matches shared ride requests to mini-
mize the total distance driven including the return trip to the
origin. With this matching strategy the provider also naturally
minimizes the cumulative detour for all users. However, the
provider will match two shared ride requests regardless of
their destination on the ring (i.e., also if they are on opposite
sides) since one shared trip is always shorter or at most equal
in length compared to two single trips including their return
trips.

C. Replicator dynamics

In such a basic one-to-many setting, the adoption of ride
sharing is characterized by the probability p(ϕ, t ) ∈ [0, 1] of
the subpopulation of users with destination ϕ to request a
shared ride. We model the evolution of this sharing adoption
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with time-continuous replicator dynamics [35]

∂ p(ϕ, t )

∂t
= p(ϕ, t ) [1 − p(ϕ, t )] E [�u(ϕ, t )]. (3)

If the average utility of a shared ride is larger than the utility of
a single ride, E [�u(ϕ, t )] > 0 [see Fig. 1(a), i], users increase
their sharing adoption p(ϕ, t ) over time. If the utility of a
shared ride is smaller, E [�u(ϕ, t )] < 0 [see Fig. 1(a), ii], they
decrease it.

These dynamics may be interpreted in terms of the sub-
population of users with destination ϕ changing their overall
adoption probability. Each realization of the game corre-
sponds to a small time window in which concurrent requests
are matched. During one day, a large number of different
users with the same destination ϕ make a trip and update
their individual adoption decisions, resulting in the overall
chage of the adoption probability of the whole subpopula-
tion as described by replicator dynamics. Here, we assume
that the external conditions such as pricing and the overall
demand distribution change on a much slower time scale than
the adoption dynamics. We thus concentrate on the emerging
stationary states of Eq. (3), where no user group (identified by
their destination ϕ) can increase their utility by changing their
decision unilaterally.

The absolute magnitude of the utility differences �u deter-
mines the time scale of the dynamics in Eq. (3) but does not
change the stationary states. The stationary sharing adoption
only depends on the relative importance β = b/a of detour
compared to financial incentives. In the following we thus
set a = 1 and R = 1 without loss of generality. The expected
utility difference Eq. (1) becomes

E [�u(ϕ, t )] = 1 − β E [ddet (ϕ, t ) | share] (4)

with a single free parameter β.

D. Simulation approach

To simulate the dynamics, we discretize the set of des-
tinations ϕ ∈ [0, 2π ) into 360 distinct destinations. In each
time step, we compute estimates for E [�u(ϕ, t )] by simu-
lating the ride-sharing decisions, the matching of shared ride
requests, and the resulting utilities over 1000 realizations per
destination. For each realization, we fix one ride-hailing user
j = 1 who requests a shared ride to destination φ1 = ϕ and
select the destinations φ j , j ∈ {2, . . . N}, of the remaining
N − 1 users independently and uniformly randomly from all
destinations. Each user realizes their sharing decision accord-
ing to their current adoption probability [see Fig. 1(b), i],
requesting a shared ride with probability p(φ j, t ) and a single
ride with probability 1 − p(φ j, t ). We then match the shared
ride requests to minimize the total distance driven, selecting
uniformly between identical options [e.g., when three users
request a shared ride to the same destination, Fig. 1(b), ii]. We
compute the utility [see Fig. 1(b), iii] for the focal user j = 1
and estimate the expected utility of a shared ride and thereby
the expected utility difference E [�u(ϕ, t )] as the average over
all 1000 realizations. After computing the expected utility for
all destinations ϕ, we advance the sharing adoption by one
Euler step �t following Eq. (3) and repeat the process. In this
numerical evaluation, we restrict p(ϕ, t ) to values between

10−3 and 1 − 10−3 to avoid extremely long transients when
the system gets close to the trivial fixed points p(ϕ, t ) = 0 or
p(ϕ, t ) = 1. Due to the complex evaluation for each update of
the replicator dynamics, we choose a default time step �t = 1
for all simulation unless explicitly stated otherwise.

III. RESULTS

A. Two concurrent users

We first consider the simplest setting with exactly N = 2
concurrent users who request a ride at the same time, result-
ing in a simple matching problem. The users are matched
into a shared ride if and only if both users request a shared
ride. Otherwise, a user making a shared ride request receives
the financial discount but is served in a single ride without
incurring any detour. With the detour Eq. (2), we explicitly
write the expected value of the utility difference E [�u(ϕ, t )]
between a shared and a single ride for a user with destination ϕ

as the integral over all destinations φ of the other user with the
corresponding detour if they also request a shared ride with
probability p(φ, t ),

∂ p(ϕ, t )

∂t
= p(ϕ, t ) [1 − p(ϕ, t )]

1

2π

×
∫ 2π

0

[
1 − p(φ, t )

β
√

2 − 2 cos (ϕ − φ)

2

]
dφ.

(5)

The factor 1/2 in the detour term captures the expected value
given that only one (randomly chosen) of the two users in
a shared ride experiences a detour while the other is driven
directly to their destination [compare also Fig. 1(b), ii].

Solving the two-user replicator dynamics, Eq. (5), for a ho-
mogeneous steady state p(ϕ, t ) = p∗ such that ∂ p(ϕ,t )

∂t |p∗ = 0
we find

p∗ = π

2β
. (6)

We provide the full calculation in the Appendix. As expected,
the homogeneous steady state sharing adoption increases as
the relative detour importance β decreases. However, simulat-
ing the replicator dynamics from this steady state [Fig. 2(a)]
reveals that this state is indeed unstable. The symmetry in the
system is broken by random fluctuations in the estimation of
the expected utility differences. Over time, the ride-sharing
adoption increases on one side of the ring and decreases on the
other until finally a single-peak sharing-nonsharing-pattern
emerges. Figure 2(b) illustrates how the total sharing adop-
tion, characterized by the width θ of the sharing peak, changes
with the relative detour importance β. While the total sharing
adoption still increases as the relative detour importance de-
creases, it does so with a spatially heterogeneous pattern until
the relative detour importance decreases below a critical value
βc = π/2 where p∗ = 1.

A stability analysis of the two-user replicator dynamics
confirms this observation [Fig. 2(b), inset]. While the ho-
mogeneous steady state is stable with respect to spatially
homogeneous changes of the sharing adoption, it is unsta-
ble to spatially dependent perturbations. In particular, the
most unstable mode with the largest growth rate λ(k) >

044309-3



WOLF, STORCH, TIMME, AND SCHRÖDER PHYSICAL REVIEW E 105, 044309 (2022)

FIG. 2. Symmetry breaking in ride-sharing adoption dynam-
ics. (a) The sharing adoption p(ϕ, t ) with N = 2 concurrent users
evolves from an initially homogeneous sharing adoption [Eq. (6),
light blue] towards a stable single-peak sharing adoption (dark
blue) where some users always request a shared ride while others
never do. The plot shows the sharing adoption p(ϕ, t ) at times
t ∈ {0, 20, 30, 40, 50, 100, 150} (from light to dark) with a relative
detour importance β = 3. The sharing adoption evolves following
the replicator dynamics [Eq. (3)] with a time step �t = 0.05. We
center the sharing peak at ϕ = π for a clearer visualization. (b) Stable
steady states characterized by the width of the single-peak adoption
pattern. Data points are created by slowly varying the relative detour
importance β in steps of 0.05 (0.01 close to the transition to full
sharing), letting the system settle into the equilibrium adoption state
for T = 1000 time steps after each change, and tracking the width of
the sharing peak in the steady state. (inset) A linear stability analysis
of the replicator dynamics [Eq. (5), see Appendix for details] with
relative detour importance β = 3 predicts a single peak as the most
unstable mode, consistent with the observations from direct numer-
ical simulations. Crosses denote results of the analytical stability
analysis with a continuous destination space. Circles denote results
from the exact evaluation in discretized destination space.

0 is a single-period sinusoidal perturbation, p(ϕ, t ) = p∗ +
δ cos(k ϕ) eλ(k) t + O(δ2) with wave number k = 1, increasing
the adoption on one side of the ring and decreasing it on the
opposite side.

B. Response function of ride-sharing adoption

To understand the mechanism behind this symmetry break-
ing, we quantify the impact of a change in adoption of users
with destination φ on other users. We consider a small change

FIG. 3. Effective interaction with long-range inhibition explains
symmetry breaking. Response function χ (ϕ, π ) [Eq. (8)] for N = 2
users with relative detour importance β = 3 when users with des-
tination φ = π are more likely to request a shared ride, evaluated
around the homogeneous steady state p∗(ϕ) = π/(2β ). The solid
green line shows the result of the direct evaluation of the response
function in continuous destination space [Eq. (9)]. The circles show
the result of the numerical evaluation in discretized destination space
with an increase ε = 0.01 of the sharing probability at destination φ.
Faraway destinations (ϕ = 0 or 2π ) are disincentivized to share by
larger expected detours. Close by destinations around φ = π are less
affected. The interactions between the adoption decisions of users
with different destinations exhibits long-range inhibition, explaining
the emergence of a localized sharing peak.

ε of the adoption probability localized to a small range of
destinations [φ, φ + δφ] around a reference state p0(ϕ),

p(ϕ) = p0(ϕ) + δp(ϕ; ε, φ)

= p0(ϕ) + ε (ϕ − φ) (φ + δφ − ϕ), (7)

where (·) denotes the Heaviside function. We now define the
response function

χp0(ϕ)(ϕ, φ) = lim
ε→0

lim
δφ→0

E [�u(ϕ)]p(ϕ) − E [�u(ϕ)]p0(ϕ)

ε δφ
,

(8)
measuring the change in expected utility for users with desti-
nation ϕ as a result of the change in adoption probability of
users with destination φ. If the response function χ (ϕ, φ) is
positive, the users with destination ϕ would be more likely to
share rides compared to the reference state. If it is negative,
they would be less likely to share.

In the two-user setting, we directly evaluate the response
function by expanding the expected utility [last term in
Eq. (3)] in terms of ε and δφ such that the response function
is equal to the contribution of destination φ to the expected
detour,

χ (ϕ, φ) = β

2π

√
2 − 2 cos (ϕ − φ)

2
. (9)

We also evaluate the response function numerically by com-
paring the expected detour in the homogeneous steady state
p∗ and increasing the sharing adoption of a single destination
φ by ε = 0.01.

Figure 3 illustrates the response to an increase of the shar-
ing adoption of users with destination φ = π in the center of
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the plot. The expected utility of shared rides decreases for all
users. This effect is small for users with destinations close to
φ = π as their detour is small when matched in a shared ride
with a user with destination φ. For destinations on the opposite
side of the circle (ϕ = 0 or ϕ = 2π ), these detours are large
and the effect is strongest.

Effectively, increasing the sharing adoption in one location
strongly increases the expected detour for users with faraway
destinations while the expected detour for close-by destina-
tions is only weakly affected. This long-range inhibition in
the detour-mediated interactions of the users promotes the
formation of a localized single-peak pattern where users with
certain destinations always request shared rides while users
with other destinations never request shared rides.

C. N concurrent users

With more than two users, the qualitative interactions be-
tween users and their sharing adoption p(ϕ, t ) at different
locations ϕ remains robust. Figure 4(a) illustrates the emer-
gence of a ride-sharing adoption pattern with a single peak for
N = 16 concurrent users starting from a homogeneous state
with low sharing adoption. Interestingly, Fig. 4(b) suggests
that, in the same setting, the full sharing state p(ϕ, t ) = 1 is
stable as well. An initially high, homogeneous sharing adop-
tion evolves to this full sharing state instead of breaking down
into a single-peak sharing pattern. A single user outside an
existing sharing peak does not want to share due to a large
expected detour as no other users are requesting a shared ride
with a similar destination. At the same time, however, if all
users adopt ride sharing, the expected detours become small
due to the large number of users (i.e., users are more likely
matched with another user with a close-by destination).

This bistability is also directly predicted by the expected
utility: We assume that the sharing adoption p∗

θ takes the
form of a single sharing peak with width θ , p∗

θ (ϕ) = 1 if
0 � ϕ � θ and p∗

θ (ϕ) = 0 otherwise. The stability of such
an adoption pattern is determined by the decisions of users
on the edge of the sharing peak given by the expected util-
ity difference E [�u(θ )]p∗

θ
. Unfortunately, a direct analytical

calculation would involve a large number of case distinctions
to discern which users are actually matched. Here we numer-
ically evaluate the expected detour over 108 realizations of
the destinations and sharing decisions of the other users to
compute the expected utility Eq. (4).

In continuous destination space, the sharing peak width re-
mains unchanged if the user on the edge is indifferent between
shared and single rides, i.e., if the utility difference

E [�u(θ )]p∗
θ
= 1 − β E [ddet (θ ) | share]p∗

θ
= 0, (10)

giving the critical detour importance

βc(θ ) = 1

E [ddet (θ ) | share]p∗
θ

. (11)

This critical detour importance also predicts where the full
sharing state with θ = 2π becomes unstable. In discrete des-
tination space, we compute the expected detour for a user
directly outside the sharing peak and thus find the critical
detour importance where the width of the sharing peak would
not grow any further. This correctly predicts the width of the

FIG. 4. Bistability of ride-sharing adoption. (a), (b) Time evo-
lution (light to dark) of the sharing adoption from different initial
conditions for N = 16 concurrent users. Starting from low sharing
adoption, p(ϕ, 0) ∈ [10−3, 2 × 10−3] uniformly randomly, a single-
peak sharing pattern evolves and the system slowly converges to a
stable peak width θ < 2π [(a), t ∈ {0, 20, 30, 40, 100, 1000, 2000}
with simulation time step �t = 0.1]. For the same parameters, the
full sharing state is stable and the system quickly returns to full
sharing when initial adoption is high and homogeneous, p(ϕ, 0) ∈
[0.950, 0.951] uniformly randomly [(b), t ∈ {0, 1, 2, 4, 8, 16, 32}
with simulation time step �t = 0.1]. (c) Bifurcation diagram of
the stable sharing patterns (compare Fig. 2). Ride-sharing adoption
evolves to full adoption (peak width θ = 2π ) for low detour impor-
tance, β < βc,part . When the relative detour importance β increases,
the full sharing state becomes unstable above a critical value βc,full.
However, the partial sharing state becomes stable in a saddle-node
bifurcation already at βc,part < βc,full and both adoption states coexist
for intermediate values of β. The dashed and solid line (theory, light
green) denotes the theoretical prediction from the stability condition
[Eq. (11)], including an unstable partial sharing state (top branch,
dashed) for βc,part < β < βc,full. In contrast to continuous destination
space, the stability conditions for a growing and shrinking sharing
peak do not exactly coincide due to self-interactions of users with
the same destination (i.e., a nonzero probability of two users going
to the same destination in discrete destination space), resulting in
the different peak widths in the partial sharing state for large relative
detour importance.

sharing peak as we slowly decrease the relative detour impor-
tance β, always letting the system settle into its stable sharing
adoption state. However, due to subtle differences in a discrete
destination setting (the probability for two users to go to the
same destination is nonzero), it is slightly different from the
stability condition for an existing sharing peak breaking down
when we slowly increase the relative detour importance.

Figure 4(c) shows the bifurcation diagram for N = 16
users, illustrating the bistability of the partial (θ < 2π ) and
full (θ = 2π ) sharing state as well as the saddle-node bifurca-
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FIG. 5. Bistability of ride-sharing adoption increases in high-
demand settings. Bifurcation diagram of ride-sharing adoption as
a function of the detour importance and the number of concurrent
users [compare Fig. 4(c) for N = 16 users]. The left points indicate
the lower critical detour importance βc,part where the saddle-node
bifurcation of the partial sharing state θ < 2π occurs. The right
points indicate the upper critical detour importance βc,full where the
full sharing state θ = 2π becomes unstable. We compute the critical
detour importance based on the stability condition Eq. (11) together
with numerical evaluation of the expected detours for users with
destination immediately outside the sharing peak with a given width
θ over 108 realizations. (Inset) Width θ∗ of the sharing peak at the
lower critical point βc,part . For intermediate numbers of users this
lower critical width is minimal, indicating a large loss of efficiency
compared to the full sharing state. For more users, the range of the
bistability increases together with the lower critical width and the
system becomes more efficient even if it is not in the full sharing
state.

tion where the partial sharing state disappears for decreasing
relative detour importance β. For small peak widths θ < θ∗
the sharing peak is always stable. Due to the uniform re-
quest distribution, users with destinations inside the sharing
peak always experience shorter expected detours (and thus
prefer sharing) while users further outside always experience
longer detours (and thus prefer single rides). However, for
sufficiently large peak widths θ > θ∗, detours become smaller
as the peak width increases since users are matched around the
circle. The sharing peak is unstable.

The critical detour importance increases as the number of
users increases (and the expected detour decreases), making
it easier to achieve full sharing adoption. However, at the
same time, the width of the bistability region also increases
with the number of users. Figure 5 shows the full bifurcation
diagram as a function of the relative detour importance and
the number of concurrent users. Intriguingly, the width θ∗ of
the sharing peak where the partial sharing regime undergoes
the saddle-node bifurcation is minimal for intermediate num-
bers of ride-hailing users (see Fig. 5, inset). This suggests
a potentially larger loss of ride-sharing adoption in these
intermediate-demand settings compared to the extreme cases
of low or high demand.

IV. DISCUSSION

The basic mechanism underlying the bistability between
partial and full adoption observed in our model is similar to

the bistability in classic models of technology adoption with
network effects [36–39], i.e., if the utility of the technology
or service relies on its widespread adoption, for example for
communication technologies or online social platforms. How-
ever, the inherent spatial component of ride-sharing services
and the strategic interactions between users with different
destinations give rise to symmetry-breaking dynamics and
spatially heterogeneous adoption patterns. The bistability be-
tween homogeneous and heterogeneous adoption patterns
may lead to a loss in efficiency of ride-sharing services due to
lower than expected adoption. This observation is particularly
relevant for emerging services with a small initial user base
and low sharing adoption, revealing a potential barrier to
achieving full sharing adoption solely due to the collective in-
teractions among users. Similar effects may partially underlie
currently low ride-sharing adoption in metropolitan areas such
as New York City [28].

We have studied the dynamics of ride-sharing adoption in
a highly simplified setting. However, our observation and the
qualitative, fundamental interactions between users are likely
persistent in more complex settings as well. For example,
potential compensation schemes [40] to equalize the utility
for both users in a shared ride are equivalent to the dynamics
in our model system. Since users are equally likely to pay
the compensation as they are to receive it, such schemes
cannot change the expected utility of a shared ride. Other
modifications such as limiting the detour when matching rides
[41] may increase the adoption of sharing but at the same
time would reduce the number of actually matched rides. De-
spite this robustness, in real-world ride-sharing applications,
additional influences from alternative mode choice options,
matching strategies, or quickly evolving regulatory bound-
ary conditions add to the dynamics [29,31–34]. In particular,
adoption patterns in real ride-sharing applications seem to
be dominated by socioeconomic heterogeneities and the in-
teraction with other (public) transport modes [28,34]. While
this observation suggests that the pattern formation dynam-
ics found in the simplified model may not be dominant, the
spatially heterogeneous willingness to share may still result in
higher difficulty to achieve large-scale ride-sharing adoption
due to the inherent bistability of partial ride-sharing adoption
patterns and full sharing adoption. Moreover, additional dis-
incentives from inconvenience and loss of privacy during a
shared ride may further limit the adoption of ride sharing.

More complex urban settings such as two-dimensional
street networks, heterogeneous demand distributions with
many-to-many routing, and more complex matching schemes
with on-route pickups may give rise to more complex in-
teractions between the users and to more intricate adoption
patterns. Unfortunately, the complexity of evaluating the ex-
pected utility and the dependence on the realization of the
matching of shared rides renders the (numerical) evaluation
of the dynamics a nontrivial problem already in our simplified
system.

Overall, our results demonstrate the possibility of sponta-
neous symmetry breaking and self-organized pattern forma-
tion dynamics in shared urban mobility. Importantly, these
complex dynamics need not be rooted in the algorithms un-
derlying new types of mobility services, spatially distributed
vehicle fleets, or inherent heterogeneities, but may ultimately
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result from interactions among the users alone. These find-
ings emphasize the importance of understanding the collective
dynamics of both the supply [26] and demand sides [28] of
ride sharing, and the interactions between them, to enable
more sustainable mobility [42]. Revealing the fundamental
detour-mediated interactions between the users as the cause of
symmetry breaking and pattern formation dynamics of ride-
sharing adoption, our modeling approach may contribute to
a better understanding of the (non)adoption of ride-sharing
services. This may ultimately help to design services and
incentives that promote the adoption of ride sharing and other
forms of sustainable shared mobility.

ACKNOWLEDGMENTS

We thank N. Molkenthin for helpful discussions. D.S. ac-
knowledges support from the Studienstiftung des Deutschen
Volkes. M.T. acknowledges support from the German Re-
search Foundation (Deutsche Forschungsgemeinschaft, DFG)
through the Center for Advancing Electronics Dresden
(cfaed).

APPENDIX

N = 2 user model with continuous destinations

The full replicator equation for N = 2 users is given by
Eq. (5) in the main text

∂ p(ϕ, t )

∂t
= p(ϕ, t ) (1 − p(ϕ, t )) × 1

2π

×
∫ 2π

0

[
1 − p(φ, t )

β
√

2 − 2 cos (ϕ − φ)

2

]
dφ.

(A1)

a. Homogeneous steady state

We look for homogeneous steady states p(ϕ, t ) = p∗ =
const. defined by ∂ p(ϕ,t )

∂t |p∗ = 0. From the structure of
Eq. (A1), we quickly find two trivial fixed points at p∗ = 0 and
p∗ = 1. These fixed points are the result of the mathematical
structure of the replicator equation (if one strategy dies out
completely, it cannot reproduce). We find another fixed point

0 < p∗ < 1 by setting the integral in Eq. (A1) to zero:

1 −
√

2 β p∗

4π

∫ 2π

0

√
1 − cos (ϕ − φ) dφ

!= 0. (A2)

The remaining integral can be solved by applying the half-
angle identity sin2(x/2) = 1−cos(x)

2 such that the integrand
becomes

√
1 − cos(ϕ − φ) = √

2 | sin( ϕ−φ

2 )|. Using the 2π

periodicity and the symmetry of our solution, we set ϕ = 0
without loss of generality. The value of sin( −φ

2 ) is negative
over the whole integration range. We use the antisymmetry of
the sine function to replace the absolute value by changing the
sign of the argument and compute the integral as∫ 2π

0

√
1 − cos(ϕ − φ) dφ =

√
2

∫ 2π

0

∣∣∣∣sin

(
ϕ − φ

2

)∣∣∣∣ dφ

=
√

2
∫ 2π

0
sin

(
φ

2

)
dφ

=
√

8
∫ π

0
sin (y)dy =

√
32.

(A3)

Inserting this result in Eq. (A2) leads to

1 −
√

2 β p∗

4π

√
32 = 0, (A4)

which yields the fixed point

p∗ = π

2β
, (A5)

reproducing Eq. (6) in the main text.

b. Linear stability analysis

To analyze the linear stability of the two-user system, we
make the ansatz

p(ϕ, t ) = p∗ + δ cos(kϕ)eλkt + O(δ2) (A6)

of a small perturbation with wave number k ∈ N around the
homogeneous adoption state p∗ in Eq. (A1). Inserting the
ansatz gives

∂

∂t
[p∗ + δ cos(kϕ)eλkt + O(δ2)] = (p∗ + δ cos(kϕ)eλkt + O(δ2))(1 − [p∗ + δ cos(kϕ)eλkt + O(δ2)])

×
[

1 −
∫ 2π

0

1

2π
· (p∗ + δ cos (kφ)eλkt + O(δ2))

(
β

2

√
2 − 2 cos (ϕ − φ)

)
dφ

]
. (A7)

The evaluation of the last part of Eq. (A7) leads to two integrals:

1 −
∫ 2π

0

1

2π
· (p∗ + δ cos (kφ)eλkt )

(
β

2

√
2 − 2 cos (ϕ − φ)

)
dφ

= 1 − p∗

2π

[√
2β

2

∫ 2π

0

√
1 − cos (ϕ − φ) dφ

]
− δeλkt

2π

[√
2β

2

∫ 2π

0
cos (kφ)

√
1 − cos (ϕ − φ) dφ

]
. (A8)

The first integral is already known from Eq. (A3) and cancels with the 1 when evaluated at the homogeneous steady state
Eq. (A5). To evaluate the second integral, we repeatedly apply integration by parts, assuming the integrand to be of the shape
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f ′g with f ′ = cos(kϕ) and g = √
1 − cos(ϕ − φ), which leads to∫ 2π

0
f ′(ϕ) g(ϕ, φ) dφ = 1

k
sin (kφ)

√
1 − cos (ϕ − φ)

∣∣2π

0 − 1

k

∫ 2π

0
sin (kφ)

1

2

− sin (ϕ − φ)√
1 − cos (ϕ − φ)

dφ, (A9)

where the first part vanishes when inserting the boundaries. To evaluate the remaining integral, we once again use the half-angle
identity

√
1 − cos(x) = √

2| sin( x
2 )| to simplify the expression and substitute x = ϕ−φ

2 to find

−1

k

∫ 2π

0
sin (kφ)

− sin (ϕ − φ)

2
√

1 − cos (ϕ − φ)
dφ = − 1√

2k

∫ ϕ

2 −π

ϕ

2

sin [k(ϕ − 2x)]
sin (2x)

|sin (x)| dx. (A10)

With ϕ ∈ [0, 2π ) the integration range is always in [−π, π ] for which the slightly modified double angle identity sin(2x)
| sin(x)| =

2 cos(x)sgn(x) holds (with the exception of the isolated singular points {−π, 0, π}). With this identity, we split the integral to
resolve the explicit sign function and the integral becomes

√
2

k

∫ ϕ

2

ϕ

2 −π

sin [k(ϕ − 2x)] cos (x)sgn(x) dx =
√

2

k

(∫ ϕ

2

0
sin [k(ϕ − 2x)] cos (x)dx −

∫ 0

ϕ

2 −π

sin [k(ϕ − 2x)] · cos (x)dx

)
. (A11)

These two integrals are of the same form, and have to be integrated by parts with f ′(x) = cos(x) and g(ϕ, x) = sin[k(ϕ − 2x)]:∫ b

a
sin [k(ϕ − 2x)] · cos (x)dx = {sin [k(ϕ − 2x)] sin (x)}b

a + 2k
∫ b

a
sin (x) cos [k(ϕ − 2x)]dx. (A12)

The resulting integral has to be integrated by parts once more, this time with the substitutions f ′(x) = sin(x) and g(ϕ, x) =
cos[k(ϕ − 2x)]. We get∫ b

a
sin [k(ϕ − 2x)] cos (x)dx

= [sin [k(ϕ − 2x)] sin (x)]b
a + 2k

(
{− cos (x) cos [k(ϕ − 2x)]}b

a + 2k
∫ b

a
cos (x) sin [k(ϕ − 2x)]dx

)
, (A13)

which we solve for the integral∫ b

a
sin [k(ϕ − 2x)] cos (x)dx = {sin [k(ϕ − 2x)] sin (x)}b

a − 2k[cos (x) cos {k(ϕ − 2x)]}b
a

1 − 4k2
. (A14)

Plugging this result back into Eq. (A11) and evaluating the integrals with the corresponding boundaries give the result for the
integral

√
2

k

(−2k
[

cos
(

ϕ

2

) − cos(kϕ)
]

1 − 4k2
− −2k

[
cos(kϕ) − cos

(
ϕ

2 − π
)]

1 − 4k2

)
=

√
32 cos(kϕ)

1 − 4k2
. (A15)

Inserting this result into Eq. (A7) yields

∂

∂t
[p∗ + δ cos(kϕ)eλkt + O(δ2)] = [p∗ + δ cos(kϕ)eλkt + O(δ2)](1 − [p∗ + δ cos(kϕ)eλkt + O(δ2)])

×
(

1 − p∗

2π

[√
2β

2

∫ 2π

0

√
1 − cos (ϕ − φ) dφ

]
︸ ︷︷ ︸

=1 with Eqs. (A3) and (A5)

−δeλkt

2π

[√
2β

2

∫ 2π

0
cos (kφ)

√
1 − cos (ϕ − φ) dφ

]
︸ ︷︷ ︸

= 4β cos (kϕ)
1−4k2 with Eq. (A15)

+O(δ2)

)
. (A16)

The last factor is of order δ such that keeping only terms of
order δ requires keeping only the constant terms p∗ (1 − p∗)
from the first two factors and finally gives the linearized equa-
tion around the homogeneous steady state

δ λk cos(kϕ)eλkt + O(δ2)

= (
p∗ − p∗2) [

− δ eλkt

2π

[
4β

cos(kϕ)

1 − 4k2

]]
+ O(δ2). (A17)

Comparing the linear order terms and solving for the growth
λk yields

λk = (p∗ − p∗2)

(
−2β

π

1

1 − 4k2

)
= 1 − p∗

4k2 − 1
. (A18)

The homogeneous steady state is stable with respect to spa-
tially homogeneous perturbations, λ0 < 0, but unstable for
all inhomogeneous perturbation, λk > 0 with wave number
k � 1.
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c. Derivation of the theoretical sharing peak width

To predict the final steady state sharing pattern, we make
an ansatz for the shape of the sharing adoption pattern based
on the single-peak pattern observed in the simulations. This
sharing adoption pattern p∗

θ (ϕ) takes the form of a single
sharing peak with width θ , i.e. p∗

θ (ϕ) = 1 if 0 � ϕ � θ and
p∗

θ (ϕ) = 0 otherwise. We now calculate the expected util-
ity for an individual with a destination just at the border
where the sharing regime and the nonsharing regime meet.
As described in Eq. (10) in the main text, a user with

destination ϕ = 0 or ϕ = θ at the border between the sharing
regimes should be indifferent between both options in the
steady state, E [�u(0)]|p∗

θ
= E [�u(θ )]|p∗

θ
= 0. Otherwise, the

sharing probabilities at this point would either increase or
decrease over time.

The sharing adoption

p∗
θ (ϕ) = (θ − ϕ) (A19)

with ϕ ∈ [0, 2π ) where  denotes the Heaviside function
plugged into the expected utility integral yields

E [�u(θ )]|∗pθ
=

∫ 2π

0

1

2π

[
1 − (θ − φ)

β
√

2 − 2 cos (θ − φ)

2

]
dφ

!= 0. (A20)

The integral can be calculated by once again using the half-angle identity
√

1 − cos(x) = √
2| sin( x

2 )|:

1 −
√

2β

4π

∫ θ

0

√
1 − cos (θ − φ) dφ = 1 − β

2π

∫ θ

0

∣∣∣sin
( x

2

)∣∣∣ dx. (A21)

As 0 � θ � 2π , we neglect the absolute value and calculate
the integral, resulting in:

1 − β

2π

∫ θ

0
sin

( x

2

)
dx = 1 − β

π

(
1 − cos

(
θ

2

))
!= 0,

(A22)

which results in the equation

cos

(
θ

2

)
= 1 − π

β
. (A23)

We thus find the theoretical prediction for the width of the
sharing peak in a system with two concurrent users [compare

Fig. 2(b) in the main text]

θ = 2 arccos

(
1 − π

β

)
(A24)

as long as β � π
2 . For β = π

2 we find θ = 2π , i.e., the system
is in the full sharing regime. For smaller values of the detour
importance, we do not find a solution anymore since the utility
difference E [�u(ϕ)] is always positive and there is no sharing
peak. The system remains in the full sharing regime. We arrive
at the final expression for the sharing regime width

θ =
{

2 arccos
(
1 − π

β

)
β � π

2

2π else
. (A25)

[1] J. Sethna, Statistical Mechanics: Entropy, Order Parameters,
and Complexity, Oxford Master Series in Physics (Oxford Uni-
versity Press, Oxford, 2006), Vol. 14.

[2] P. Coleman, Introduction to Many-Body Physics (Cambridge
University Press, Cambridge, 2015).

[3] L. M. Sander, Advanced Condensed Matter Physics (Cambridge
University Press, Cambridge, 2009).

[4] S. H. Strogatz, Exploring complex networks, Nature (London)
410, 268 (2001).

[5] R. Albert and A.-L. Barabási, Statistical mechanics of complex
networks, Rev. Mod. Phys. 74, 47 (2002).

[6] M. E. J. Newman, The structure and function of complex net-
works, SIAM Rev. 45, 167 (2003).

[7] H. Barbosa, M. Barthélemy, G. Ghoshal, C. R. James, M.
Lenormand, T. Louail, R. Menezes, J. J. Ramasco, F. Simini,
and M. Tomasini, Human mobility: Models and applications,
Phys. Rep. 734, 1 (2018).

[8] G. Caldarelli, S. Wolf, and Y. Moreno, Physics of humans,
physics for society, Nature Phys. 14, 870 (2018).

[9] Y. Holovatch, R. Kenna, and S. Thurner, Complex systems:
Physics beyond physics, Eur. J. Phys. 38, 023002 (2017).

[10] K. Nagel and M. Schreckenberg, A cellular automaton model
for freeway traffic, J. Phys. I France 2, 2221 (1992).

[11] D. Helbing, Traffic and related self-driven many-particle sys-
tems, Rev. Mod. Phys. 73, 1067 (2001).

[12] D. Helbing, A. Hennecke, V. Shvetsov, and M. Treiber, Micro-
and macro-simulation of freeway traffic, Math. Comput. Model.
35, 517 (2002).

[13] D. Helbing and K. Nagel, The physics of traffic and regional
development, Contemp. Phys. 45, 405 (2004).

[14] D. Helbing, J. Keltsch, and P. Molnár, Modelling the evolution
of human trail systems, Nature (London) 388, 47 (1997).

[15] D. Helbing, I. J. Farkas, and T. Vicsek, Freezing by Heating
in a Driven Mesoscopic System, Phys. Rev. Lett. 84, 1240
(2000).

[16] M. C. González, C. A. Hidalgo, and A.-L. Barabási, Under-
standing individual human mobility patterns, Nature (London)
453, 779 (2008).

[17] C. Song, Z. Qu, N. Blumm, and A.-L. Barabasi, Limits of
predictability in human mobility, Science 327, 1018 (2010).

[18] M. Mazzoli, A. Molas, A. Bassolas, M. Lenormand, P. Colet,
and J. J. Ramasco, Field theory for recurrent mobility, Nature
Commun. 10, 3895 (2019).

[19] M. Furuhata, M. Dessouky, F. Ordóñez, M.-E. Brunet, X. Wang,
and S. Koenig, Ridesharing: The state-of-the-art and future
directions, Transp. Res. B 57, 28 (2013).

044309-9

https://doi.org/10.1038/35065725
https://doi.org/10.1103/RevModPhys.74.47
https://doi.org/10.1137/S003614450342480
https://doi.org/10.1016/j.physrep.2018.01.001
https://doi.org/10.1038/s41567-018-0266-x
https://doi.org/10.1088/1361-6404/aa5a87
https://doi.org/10.1051/jp1:1992277
https://doi.org/10.1103/RevModPhys.73.1067
https://doi.org/10.1016/S0895-7177(02)80019-X
https://doi.org/10.1080/00107510410001715944
https://doi.org/10.1038/40353
https://doi.org/10.1103/PhysRevLett.84.1240
https://doi.org/10.1038/nature06958
https://doi.org/10.1126/science.1177170
https://doi.org/10.1038/s41467-019-11841-2
https://doi.org/10.1016/j.trb.2013.08.012


WOLF, STORCH, TIMME, AND SCHRÖDER PHYSICAL REVIEW E 105, 044309 (2022)

[20] P. Santi, G. Resta, M. Szell, S. Sobolevsky, S. H. Strogatz,
and C. Ratti, Quantifying the benefits of vehicle pooling with
shareability networks, Proc. Natl. Acad. Sci. USA 111, 13290
(2014).

[21] M. M. Vazifeh, P. Santi, G. Resta, S. H. Strogatz, and C. Ratti,
Addressing the minimum fleet problem in on-demand urban
mobility, Nature (London) 557, 534 (2018).

[22] D. Anair, J. Martin, M. C. P. de Moura, and J. Goldman, Ride-
Hailing’s Climate Risks: Steering a Growing Industry toward a
Clean Transportation Future, Tech. Rep., Union of Concerned
Scientists, 2020.

[23] A. Jenn, Emissions benefits of electric vehicles in Uber and Lyft
ride-hailing services, Nature Energy 5, 520 (2020).

[24] R. Tachet, O. Sagarra, P. Santi, G. Resta, M. Szell, S. H.
Strogatz, and C. Ratti, Scaling law of urban ride sharing, Sci.
Rep. 7, 42868 (2017).

[25] N. Molkenthin, M. Schröder, and M. Timme, Scaling Laws
of Collective Ride-Sharing Dynamics, Phys. Rev. Lett. 125,
248302 (2020).

[26] M. Schröder, D.-M. Storch, P. Marszal, and M. Timme, Anoma-
lous supply shortages from dynamic pricing in on-demand
mobility, Nature Commun. 11, 4831 (2020).

[27] G. D. Erhardt, S. Roy, D. Cooper, B. Sana, M. Chen, and J.
Castiglione, Do transportation network companies decrease or
increase congestion? Sci. Adv. 5, eaau2670 (2019).

[28] D.-M. Storch, M. Timme, and M. Schröder, Incentive-driven
discontinuous transition to high ride-sharing adoption, Nature
Commun. 12, 3003 (2021).

[29] M. J. Alonso-González, O. Cats, N. van Oort, S. Hoogendoorn-
Lanser, and S. Hoogendoorn, What are the determinants of
the willingness to share rides in pooled on-demand services?,
Transportation 48, 1733 (2020).

[30] A. de Ruijter, O. Cats, J. Alonso-Mora, and S. Hoogendoorn,
Ride-Sharing Efficiency and Level of Service under Alternative
Demand, Behavioral and Pricing Settings, in Transp. Res. Board
2020 Annu. Meet., 2020.

[31] E. A. Morris, A. N. Pratt, Y. Zhou, A. Brown, S. M. Khan,
J. L. Derochers, H. Campbell, and M. Chowdhury, Assessing
the Experience of Providers and Users of Transportation Net-
work Company Ridesharing Services, Tech. Rep. (Center for
Connected Multimodal Mobility, Clemson, 2019).

[32] J. M. Sarriera, G. E. Álvarez, K. Blynn, A. Alesbury, T. Scully,
and J. Zhao, To share or not to share, Transp. Res. Rec. 2605,
109 (2017).

[33] J. Lo and S. Morseman, The perfect UberPOOL: A case
study on trade-offs, Ethnographic Praxis in Industry Conference
Proceedings 2018, 195 (2018).

[34] J. P. Schwieterman, Uber economics: Evaluating the monetary
and travel time trade-offs of transportation network companies
and transit service in chicago, illinois, Transp. Res. Rec. 2673,
295 (2019).

[35] R. Cressman and Y. Tao, The replicator equation and other
game dynamics, Proc. Natl. Acad. Sci. USA 111, 10810
(2014).

[36] D. Easley and J. Kleinberg, Networks, Crowds, and Markets
(Cambridge University Press, Cambridge, 2010).

[37] M. Schröder, J. Nagler, M. Timme, and D. Witthaut, Hysteretic
Percolation from Locally Optimal Individual Decisions, Phys.
Rev. Lett. 120, 248302 (2018).

[38] W. B. Arthur, Increasing returns and the new world of business,
Harv. Bus. Rev. 74, 100 (1996).

[39] M. L. Katz and C. Shapiro, Systems Competition and Network
Effects, J. Econ. Perspect. 8, 93 (1994).

[40] M. Furuhata, K. Daniel, S. Koenig, F. Ordonez, M. Dessouky,
M.-E. Brunet, L. Cohen, and X. Wang, Online cost-sharing
mechanism design for demand-responsive transport systems,
IEEE Trans. Intell. Transp. Syst. 16, 692 (2014).

[41] R. Kucharski and O. Cats, Exact matching of attractive shared
rides (exmas) for system-wide strategic evaluations, Transp.
Res. B 139, 285 (2020).

[42] B. K. Sovacool and S. Griffiths, Culture and low-carbon energy
transitions, Nature Sustain. 3, 685 (2020).

044309-10

https://doi.org/10.1073/pnas.1403657111
https://doi.org/10.1038/s41586-018-0095-1
https://doi.org/10.1038/s41560-020-0632-7
https://doi.org/10.1038/srep42868
https://doi.org/10.1103/PhysRevLett.125.248302
https://doi.org/10.1038/s41467-020-18370-3
https://doi.org/10.1126/sciadv.aau2670
https://doi.org/10.1038/s41467-021-23287-6
https://doi.org/10.1007/s11116-020-10110-2
https://doi.org/10.3141/2605-11
https://doi.org/10.1111/1559-8918.2018.01204
https://doi.org/10.1177/0361198119839344
https://doi.org/10.1073/pnas.1400823111
https://doi.org/10.1103/PhysRevLett.120.248302
https://doi.org/10.1257/jep.8.2.93
https://doi.org/10.1109/TITS.2014.2336212
https://doi.org/10.1016/j.trb.2020.06.006
https://doi.org/10.1038/s41893-020-0519-4

