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Abstract—From circuit perspective, the resolution in time
domain might be less difficult to achieve as compared to
resolution in amplitude domain. Especially when considering
Multigigabit communication the resolution in amplitude has re-
markable power consumption. In this investigation some practical
communication designs are proposed which exploit the utilization
of 1-bit quantization and oversampling at the receiver. The
proposed approach is the employment of faster-than-Nyquist
QPSK signals in combination with an appropriate sequence
design. Two sequence design strategies are proposed, namely the
utilization of run-length limited sequences and the utilization of
an optimized Markov source via an expectation based Blahut-
Arimoto algorithm. Numerical results on the achievable data
rate are computed based on an auxiliary channel lower bound
which becomes tight in the high SNR regime. The results on the
proposed methods and especially the run-length limited sequence
based approach show superior performance in terms of achiev-
able rate and spectral efficiency as compared to conventional
signaling with independent and uniformly distributed symbols.
Furthermore, the performance is close to and even above as
compared to an analytical result on the achievable rate when
sampling the sign of a bandlimited process given by Shamai.

I. INTRODUCTION

Multigigabit per second communication requires a corre-
sponding analog-to-digital converter (ADC). Especially for
wireless short range scenarios, such as given for communi-
cation between computer boards [1], an ADC with a sampling
rate of multiple Gigasamples per second has remarkable im-
pact on the total power consumption of the link. A popular
method to obtain improved energy-efficiency of integrated
circuits is to choose the supply voltage as small as possible.
Nowadays a lot of circuits can be found which are based
on a supply voltage that is smaller or equal to 1V. As a
consequence the headroom for sophisticated processing in the
amplitude domain is rather constrained [2]. On the other hand
clock cycles become shorter which allows for higher sampling
rates. In addition, the effective sampling rate can be further
increased by considering multi-core circuits which can be
utilized in a time interleaved fashion. All these circumstances
indicate that achieving resolution in time domain is less
challenging as compared to resolution in amplitude domain. In
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this regard, we investigate communications for systems where
the receiver is equipped with a quantizer with 1-bit resolution.
In order to compensate for the loss in terms of achievable
rate the sampling rate might be chosen larger as compared to
conventional designs which rely on fine grained quantization
in amplitude domain. This special setup has been studied in
[3]. One of the results is that the rate of

I = log2 (Moversampling + 1) [bits per Nyquist interval], (1)

can be achieved when considering a real valued process which
is sampled Moversampling times faster than the Nyquist rate w.r.t.
the input bandwidth. However, this study does not consider
noise and the waveform construction might require additional
effort. The behavior in the low signal-to-noise ratio (SNR)
regime is investigated in [4]. In [5] a practical approach has
been studied, where we propose appropriate 4-ASK sequence
designs which allow for reconstruction with 3fold oversam-
pling and 1-bit quantization. Further, we have demonstrated
in [6] that faster-than-Nyquist signaling [7] in combination
with root raised cosine pulse shaping and independent and
uniformly distributed (i.u.d.) input symbols is a suitable option
for sampling with 1-bit quantization. A related topic has been
addressed in [8], where the authors propose advanced deter-
ministic dithering, which allows for waveform reconstruction
considering a 1-bit quantizer. More recently, in [9] MIMO and
SIMO systems with 1-bit quantization and sampling at Nyquist
rate have been investigated.

In this paper, the approach of faster-than-Nyquist signaling
with binary data (BPSK resp. QPSK) will be combined with
sequence design. Different sequence design strategies will be
proposed as an alternative to conventional i.u.d. symbols:

• run-length limited (rll) sequences,
• optimized sequences using an expectation based Blahut-

Arimoto (BA) algorithm.
Finally our numerical evaluations show, that the rate in (1)
can be attained by the proposed signaling schemes. Unlike the
process construction in [3], the proposed methods are based
on common signal processing building blocks.

We use the notation xk
k−L = [xk−L, ..., xk]T and xn =

[x1, ..., xn]T . Stacked vectors are denoted as yk
k−N =

[yT
k−N , ...,yT

k ]T and yn = [yT
1 , ...,yT

n ]T . Probabilities and
probability density functions are denoted by P (·) resp. p(·).
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Fig. 1: System model, 1-bit quantization at the receiver

II. SYSTEM MODEL

The input symbols are QPSK symbols such that xk ∈{
1+j√

2
, 1−j√

2
, −1+j√

2
, −1−j√

2

}
. Independent of signaling and sam-

pling rate it is considered that the transmit filter is given by a
raised and truncated cosine function

h (t) =

{√
2

3Ts

(
1 − cos

(
2π 1

2Ts
t
))

, 0 ≤ t < 2Ts

0, else,
(2)

where Ts is the reference time interval that relates to the signal
bandwidth depending on the input distribution. The receive
filter is an integrator

g (t) =

{√
1
Ts

, 0 ≤ t < Ts

0, else,
(3)

which is a typical characteristic of a sampling circuit. As-
suming a time-interleaved implementation of the sampling
circuit, an increase of sampling rate will change the number
of sampling cores, however the receive filter characteristic of
the sampling device will remain the same. The waveform,
which will be used to describe the received signals, is given
by the convolution of both filters v(t) = g(t) ∗ h(t). In what
follows, the discrete notations vr, gr of v(t), g(t) are used. The
elements of vr, gr are given by sampling time reversed v(t) and
g(t) at rate MRx

Ts
. The dimensions of the vectors vr and gr are

given by (L+1)M×1 and ξM×1. Further, perfect timing sync
is assumed, such that the sampling instants in time include the
peak-value of v(t). The relation between signaling rate MTx

Ts

and sampling rate is given by MMTx = MRx. The generic
notation for the received signal vector zk and quantized signal
vector yk of length M according to Fig. 1 is denoted as

yk = Q1 (zk) = Q1

(
V Uxk

k−L + Gnk
k−ξ

)
, (4)

where Q1 is the 1-bit quantizer having its threshold at 0, xk
k−L

is a vector of L + 1 consecutive transmit symbols, and nk
k−ξ

is a vector of M (ξ + 1) noise samples. The waveform resp.
receive filter matrices are denoted as

V =

⎛
⎜⎜⎜⎝

[ vT
r ] 0 · · · 0

0 [ vT
r ] 0 · · · 0

. . .
. . .

. . .
0 · · · 0 [ vT

r ]

⎞
⎟⎟⎟⎠ , G =

⎛
⎜⎜⎜⎝

[ gT
r ] 0 · · · 0 0

0 [ gT
r ] 0 · · · 0 0

. . .
. . .

. . .
0 · · · 0 [ gT

r ] 0

⎞
⎟⎟⎟⎠ ,

(5)
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Fig. 2: State machine for a d-constrained sequence

where V has the dimension M × M(L + 2) − 1 and G has
the dimension M × M(ξ + 1). The upsampling matrix with
dimension M(L + 2) − 1 × L + 1 is described by

Ui,j =

{
1 for i = j · M
0 else,

(6)

where i indicates the row and j indicates the column. In what
follows, the special case, where signaling and sampling rate
are equal, i.e., M = 1, is considered. When considering a
signaling/sampling rate with MRx = MTx > 1 each sample
yk also depends on previous input symbols xk−1. In this case
the corresponding channel can be called channel with memory.
Indeed, an appropriate input sequence resp. signal source for
a channel with memory is itself characterized by memory
[10]. Hence, a Markov source is considered with the property
P
(
xk|xk−1

)
= P

(
xk|xk−1

k−N

)
= P (sk|sk−1). In this regard

the state of the Markov source is given by Sk = Xk
k−N+1. Its

stationary distribution is μi = P (Sk = i) and the transition
probabilities are Pi,j = P (Sk = j|Sk−1 = i).

III. RUN-LENGTH LIMITED SEQUENCES

Run-length limited sequences are known from magnetic
recording. Some of the main results on run-length limited
sequences are summarized in [11]. The run-length limited
sequence can be obtained from a so called (d, k) sequence,
where d and k are parameters which constrain the sequences.
A (d, k) sequence is a binary sequence where a one is
followed by at least d and at most k zeros. The k property is
introduced for practical purpose such as clock recovery what
we will neglect in this work which means that k = ∞. A
corresponding state machine for a d constrained sequence is
illustrated in Fig. 2. The (d, k) sequence can be transferred to



a run-length limited sequence by realizing a sign-flip whenever
a one occurs. An example is given as follows

(d, k) seq. =[...1, 0, 0, 1, 0, 1, 0, 0, 1, 0...]
rll seq. =[...1, 1, 1, −1, −1, 1, 1, 1, −1, −1...] .

According to [12] the maximum entropy rate of such a
sequence, which corresponds to the maximum transmission
rate, can be computed with

Hmax = lim
n→∞

1
n

log2

∑
i,j

[Dn]i,j = log2(λ), (7)

where D is the adjacency matrix, which describes the direc-
tional connections of the state machine in Fig. 2 generating d
constrained sequences and λ is the largest eigenvalue of the
adjacency matrix. The adjacency matrix can be expressed by

Dd=1 =
[
0 1
1 1

]
, Dd=2 =

⎡
⎣0 1 0

0 0 1
1 0 1

⎤
⎦ , (8)

where the rows correspond to the current states and the
columns correspond to the following state. Furthermore the
transition probabilities for the max entropic source can be
found with

Pi,j =
bj

bi
· Di,j

λ
, (9)

where bi and bj are entries of the right-sided eigenvector
corresponding to the eigenvalue λ. With increasing d the
redundancy in the sequence increases such that the entropy rate
is decreasing as listed in Table I. However, such a sequence
design is able to cope with a channel with memory. As a
consequence this allows for faster signaling rates and finally
this is beneficial in terms of the achievable rate.

TABLE I: Maximum entropy of d-constrained sources

run-length constraint d = 1 d = 2 d = 3 d = 4
max entropy rate [bit/symbol] 0.6942 0.5515 0.4650 0.4057

IV. MARKOV SOURCE OPTIMIZED BY AN EXPECTATION

BASED BLAHUT-ARIMOTO ALGORITHM

In this section an algorithm is proposed which optimizes a
Markov source w.r.t. a lower bound on limn→∞ 1

nI(Xn;Y n).
Following the steps in [13] it can be shown that the achievable
rate can be lower bounded by utilizing the Shannon-McMillan-
Breiman theorem and an auxiliary channel model as follows

lim
n→∞

1
n

I(Xn;Y n) ≥ 1
n

(− log P (xn) + log W (xn|yn))

=
1
n

(− log P (sn) + log W (sn|yn)),

(10)

for large n on the right hand side where W (·) is the channel
law of the auxiliary channel, xn is a realization of a very long
input sequence and yn is the corresponding output sequence.
The only requirement on W (·) is that it is larger than 0

whenever P (·) is larger than 0. Similar to what is proposed in
[14], (10) can be reformulated, such that it is possible to factor
out Pi,j which describe the Markov source. Finally, it can be
written in the format which is known from the expectation
based Blahut-Arimoto algorithm [14]

lim
n→∞

1
n

I (Xn;Y n) ≥
∑
i,j

μiPi,j

(
log2

(
1

Pi,j

)
+ T̂i,j

)
.

(11)

The utilization of the auxiliary channel requires an alternative
computation of the elements T̂i,j as compared to [14]. The
elements can be computed by

T̂i,j =

{[∑
k
∣∣∣sk−1 = i

sk = j

log2 W (sk, sk−1|yn)
]

[∑
k
∣∣∣sk−1 = i

sk = j

1
]

−
[∑

k|sk = i log2 W (sk|yn)
]

[∑
k|sk = i 1

]
}

, (12)

where W (sk, sk−1|yn) resp. W (sk−1|yn) are computed with
a BCJR algorithm [15]. In order to successively increase the
achievable rate per channel use the optimized Markov source
transition probabilities can be computed by

Pi,j =
bj

bi

Ai,j

Wmax
, (13)

where Ai,j are the entries of a noisy adjacency matrix A
computed by

Ai,j = 2T̂i,j . (14)

Further Wmax is the largest real eigenvalue of A and b is the
corresponding eigenvector. Based on the updated transition
probabilities Pi,j a new sequence xn can be generated for
repeating the computation. Especially for the high SNR regime
the iterative process converges after a few iterations. As
mentioned before, based on this approach we optimize the
source in order to benefit in terms of achievable rate.

V. COMPUTATION OF THE ACHIEVABLE RATE

For a numerical evaluation, a lower bound on the achievable
rate is computed, following the approach in [13] by using
the method derived in [16]. The lower bound based on the
auxiliary channel is given by

lim
n→∞

1
n

I(Xn;Y n) ≥ 1
n

(− log2 W (yn) + log2 W (yn|sn)),

(15)

where the auxiliary channel W (·) is based on the approxima-
tion P (yk|yk−1, xk) ≈ P (yk|xk

k−L). An even tighter bound
in the low SNR regime can be computed by following strate-
gies presented in [16], where previous channel realizations,
e.g., yk−1, are considered in the auxiliary channel model.
Moreover, (15) corresponds to less computational effort as
compared to (10), as only the forward recursion of the BCJR



algorithm needs to be carried out. The quantities can be
computed with

W (yk) =
∑
sk

W (yk, sk), (16)

W (yk, sk) =
∑
sk−1

P (yk|sk, sk−1)P (sk|sk−1)W (yk−1, sk−1)

resp.

W (yk|sn) = P (yk|sk−1, sk) W (yk−1|sn). (17)

Its transition probability is obtained by integration over the
pdf of the unquantized signal

P (yk|sk, sk−1) =
∫

zk∈Yk

p(zk|sk, sk−1)dzk, (18)

where Yk denotes the quantization region corresponding to
the output yk. In general the pdf is a multivariate Gaussian
distribution

p
(
zk|sk

k−1

)
=p

(
zk|xk

k−L

)
(19)

=
1

πM |R|e
(−(zk−µx)HR−1(zk−µx)),

with the mean vector µx = V Uxk
k−L and the covariance

matrix R = E{Gnk
k−ξ(n

k
k−ξ)

HGH}.

VI. SPECTRUM AND SPECTRAL EFFICIENCY

The power spectral density S(f) of the transmit signal
depends on the transmit filter (2) and on the autocorrelation
function of the input sequence xn which can be computed by

ck = E
{
xlx

∗
l−k

}
= xHP kdiag {µ}x k ≥ 0

ck = c∗−k k < 0, (20)

where P contains the transition probabilities Pi,j , µ contains
the stationary distribution μi, and x represents xk according to
the set of states of Sk of the Markov source model. Each entry
of the vector x corresponds to one possible state of Sk. Indeed,
the spectrum of the transmit signal is not strictly bandlimited.
For computing the spectral efficiency instead of the absolute
bandwidth, the 90% power containment bandwidth [17] has
been considered. In this regard, 5% out of band radiation is
allowed at the lower frequencies resp. higher frequencies∫ B90%,↑

−∞
S(f)df =

∫ ∞

B90%,↓
S(f)df = 0.95

∫ ∞

−∞
S(f)df .

(21)

Finally the two sided bandwidth is given by B90% = B90%,↑−
B90%,↓. Based on the achievable rate and the bandwidth a
spectral efficiency in bits per second per Hertz can be defined
as

spectral eff. =
IbpcuMTx

TsB90%
, (22)

where Ibpcu is the mutual information w.r.t. a symbol xk.
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Fig. 3: Achievable rate versus SNR in bits per channel use for
for different sequence designs

VII. NUMERICAL RESULTS

For numerical computations sequences of length n = 106

are considered. The SNR is defined by

SNR =
limT→∞ 1

T

∫
T
|x (t)|2 dt

N0 B90%
. (23)

For the evaluation complex modulation is considered, such
that the rate corresponding to runlength-limited sequences
is doubled as compared to Table I. Fig. 3 illustrates the
achievable rate in terms of bits per channel use, where a
channel use corresponds to an input symbol xk. While the
achievable rate considering i.u.d. input symbols is significantly
below the input entropy rate of 2 bits per channel use for
MTx > 1, the achievable rate of the d-constrained run-
length limited sequence approaches the input entropy rate
of 2 × 0.6942 bits per channel use in both cases. In some
cases slightly better performance in terms of bits per channel
use can be obtained by the expectation based Blahut-Arimoto
algorithm. However, in Fig. 3 bandwidth and signaling rate
are not taken into account. In this regard, Fig. 4 illustrates
the spectral efficiency as a reasonable comparison, where run-
length limited sequences significantly outperform the approach
based on the expectation based Blahut-Arimoto algorithm
and also the approach based on i.u.d. symbol sequences. In
Fig. 5 the corresponding power spectral densities are plotted
for run-length limited sequences and i.u.d. sequences. The
power spectral densities of the sequences optimized by the
expectation based Blahut-Arimoto algorithm, which depend
on the SNR, are not shown. Finally, the results are compared
with one of the expressions for the achievable rate given in
[3], see (1), which itself is a lower bound on the capacity. In
this regard, the effective oversampling factor is computed by

Moversampling = TsamplingB90% =
TsB90%

MRx
(24)

The results are given in Table II and Fig. 6, which also show
the influence of the signaling method on the bandwidth by the
relation between MTx and Moversampling.
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VIII. CONCLUSIONS

In this investigation it is shown how to combine sequence
design and faster-than-Nyquist signaling resp. sampling using
QPSK signals for the reception with receivers equipped with
a 1-bit quantizer. The numerical results strongly indicate, that
the proposed utilization of run-length limited sequences is
an appropriate choice in terms of spectral efficiency. The
proposed method significantly outperforms the conventional
approach based on i.u.d. symbols. The proposed method yields
an achievable rate that is comparable or slightly above the
analytical reference in [3]. In addition, an expectation based
Blahut-Arimoto algorithm is proposed which optimizes the
performance in terms of bits per channel use for an auxiliary
channel model.
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